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N-dimensional vector of ones

maximum eigenvalue of a matrix of (+)
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positive definite matrix
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Kronecker product

ix






INTRODUCTION

In this chapter, we will present the motivation, main contributions, and outline of this
thesis.

1.1. MOTIVATION

Interconnected and multi-agent systems (in the following, both will be abbreviated as
MAS for compactness) have attracted tremendous attention from the control commu-
nity (and from many other communities), due to their extensive application domains,
including unmanned aerial vehicles, intelligent traffic systems, smart grids, sensor net-
works, and so on. MAS are constituted of multiple intelligent agents interconnected via
a network, through which they can communicate/interact with the neighbors/the en-
vironment, in order to achieve a common behavior (also referred to as synchronized
behavior) or some desired tasks.

Uncertainties are inevitable in practice, as they originate either from the network
(e.g. switching topologies) or from the agent dynamics (e.g. parametric uncertainty).
Furthermore, another important source of uncertainty originates from the interaction
among agents: standard literature typically considers that the agents’ interaction with
neighbors/environment is only the result of coupling due to the control protocol. How-
ever, in practical scenarios, some form of interaction may exist before designing the con-
trol protocol (intrinsic interconnection). The picture becomes more complex when con-
sidering these unmodelled intrinsic interconnection terms to be state-dependent, which
makes the control of uncertain MAS extremely challenging. The design of adaptive con-
trollers that enable the interconnected and multi-agent systems to adapt to the time-
varying environment while preserving stability is still an open problem.

As a motivating example, Fig. 1.1 shows a smart grid scenario where multiple nodes
including power plants, electrical consumers, distribution companies, and transmission
stations are connected via a power network. The nodes interact with each other by power
flow through the tie lines, depending on the phase deviations from the equilibrium op-
erating point. Such intrinsic interconnections exist even before designing a controller.
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In order to stabilize the frequency/voltage, the interaction (i.e. power flow) among these
nodes will dynamically change by switching the topology of the power network. Fig. 1.2
presents another motivating example with multiple cranes that must cooperate in lifting
a heavy load. The interconnection between the cranes and the load via the wires will
create a state-dependent interconnection depending on the load, and on the elastic and
viscous force of the wires.

i
wms =il

Power plant

Transmission
station

Transmissio)
station

Distribution
station

B
wiggn =1

Power plant

Building

oz’

Electric Vehicle

station
Distribution
station

Distribution
station

Distribution
Home station

Figure 1.1: Smart grid

Figure 1.2: Heavy-lift vessel with multiple cranes (source: Heerema Marine Contractors)

1.2. MAIN CONTRIBUTIONS

This thesis proposes a set of adaptive control frameworks that enable the interconnected
and multi-agent systems to adapt to changing circumstances including switching topolo-



1.2. MAIN CONTRIBUTIONS 3

gies, parametric uncertainties, and state-dependent uncertainties. The contributions of
this thesis include:

* Robust Adaptive Control of Switched Interconnected Linear Systems

We propose a robust adaptive control approach for switched uncertain linear sys-
tems by adopting a novel leakage-based method. The novelty is to allow the con-
trol gains to stay constant during the switched-off phase: this is not the case in
state-of-the-art leakage methods, where the control gains of inactive subsystems
must change even during the switched-off phase, causing a bad transient behavior
whenever these inactive subsystems are switched on again. The auxiliary gain is
designed so that the transient performance at each switching instant is improved
significantly.

* Robust Adaptive Control of Switched Interconnected Power Systems

We propose a switched adaptation framework for multi-area load frequency con-
trol (LFC) by considering a structure-preserving model. The main novelty is to
consider the model to be affected by state-dependent uncertainty, which more
appropriately captures dynamic uncertainties from aggregated area dynamics. In
fact, state-dependent uncertainties cannot be bounded a priori by constants [63,
86,100]. In this structure-preserving network formulation, we prove (via Lyapunov
stability theory) that the proposed multi-area LFC approach can automatically en-
hance and lower the controller activity in a stable way, even in the presence of
switching topologies.

* Distributed Adaptive Synchronization in Euler-Lagrange Networks

We propose a distributed adaptive synchronization method for multiple Euler-
Lagrange systems in the presence of state-dependent uncertainty, not necessarily
in a linear-in-the-parameter (LIP) form. Different from standard literature where
the interaction among agents is only the result of coupling caused by the con-
trol protocol, the novelty of our method is to consider that the interaction terms
among agents may exist (and be uncertain) before the control design. The pro-
posed adaptive controller is able to handle uncertainties both in linear and non-
linear forms.

* Distributed Adaptive Synchronization in Underactuated Euler-Lagrange

Networks

A distributed adaptive protocol for synchronization of underactuated Euler-Lagra-
nge systems is designed in the presence of uncertain system terms. Besides, no
structural constraints are imposed on the underactuated Euler-Lagrange dynam-
ics, except the standard properties of Euler-Lagrange systems (positive definite
mass matrix, bounded gravity terms, velocity-dependent bounds on the friction
terms, etc). We do not impose the mass matrix to depend on the actuated states
only, nor on the non-actuated states only. State-dependent uncertain intercon-
nection terms among the underactuated systems are considered to exist before
the control design.
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1.3. THESIS OUTLINE
The thesis outline is illustrated in Fig. 1.3. The organization of this thesis is briefly illus-
trated as follows:

Chapter 2: The background on switched systems, interconnected power systems,
multi-agent systems, and underactuated Euler-Lagrange systems is introduced. After in-
troducing the art of the state, four research questions are brought forward. In addition,
some basic concepts of control theory and graph theory are provided.

Chapter 3: By adopting an auxiliary adaptive gain in an uncertain switched linear
system the control gains of each subsystem can stay unchanged during their switched-
off intervals. The proposed strategy can consistently improve the transient of the closed-
loop system under various families of slowly-switching signals (in the framework of dwell
time and its extensions).

Chapter 4: Based on the switched linear systems of Chapter 3, we study switched
nonlinear systems, which can be applied to multi-area LFC in power systems where
both parametric uncertainty and state-dependent uncertainty exist. Besides, nonlin-
ear interconnection terms presenting power flow between multi-areas also exhibit state-
dependent uncertainty. The proposed adaptive controller is able to adapt to changing
circumstances including parametric uncertainty, unmodelled dynamics, and dynami-
cally changing topologies.

Chapter 5: Based on the centralized adaptive control approach for nonlinear sys-
tems of Chapter 4, we consider distributed adaptive control of multiple Euler-Lagrange
agents. Without requiring a LIP structure of the systematic uncertainty on the dynam-
ics, we achieve distributed adaptive synchronization of multiple Euler-Lagrange systems
in the presence of state-dependent systematic uncertainty and interconnection intrinsi-
cally existing in the dynamics instead of the being the result of the control protocol.

Chapter 6: Based on the fully-actuated Euler-Lagrange systems in Chapter 5, we turn
our attention to underactuated Euler-Lagrange systems. We relax structural restrictions
imposed on the system terms (e.g. the mass matrix), and take into account the inter-
connection in the underactuated Euler-Lagrange dynamics instead of letting them be a
result of control protocol. The error dynamics of both actuated states and nonactuated
states are provided explicitly.

Chapter 7: The conclusion of this thesis and some future research recommendations
are provided.
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BACKGROUND AND PRELIMINARIES

2.1. SWITCHED SYSTEMS

2.1.1. BACKGROUND OF SWITCHED SYSTEMS

With a wide range of applications in several fields, such as networked control systems
[45, 67, 163], circuit and power systems [11, 62], multi-agent systems [93, 166], fault-
tolerant control [147, 164], and many more, switched systems have drawn enormous
interest over the last decades. Switched systems are a special type of hybrid dynamic
systems, constituted of continuous-time subsystems, also called modes, and a switch-
ing law determining the activation of the subsystems (cf. Fig. 2.1). Switched systems
not only find application in several technological areas but also bring several theoretical
challenges, spanning from stability to control.

switching signal

| Subsystem/
Mode 1
| Subsystem/ A
e Mode 2 v u X
plant
| Subsystem/
i Mode N
% u denotes the input
x denotes the state

Figure 2.1: Example of a switched system

The switched system with time-dependent switching in Fig. 2.1 can be described as

x(1) = fon (x(0) 2.1)
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where x € R” represents the state variable, f;(-) is the dynamics, and o : [0,00] — Q =
{1,..., N} denotes the switching signal. In other words, o (-) is a piecewise constant signal
taking values among the N subsystems, and with switching instants 1, ..., fy.

Stability is the most basic desirable property for a switched system [17, 46, 66]. The
state of the art has shown that stability under arbitrary switching cannot in general be
achieved unless a common Lyapunov function to all subsystems exists [65,127,150, 169];
therefore, many researchers have concentrated on several classes of slowly-switching
signals for which stability can be derived, as indicated next:

Definition 2.1. (Dwell Time) [65]. Consider two consecutive switching time instants t;, >
t; = 0. We say that the switching signal o (-) has dwell time (DT) 9, if there exist 94 > 0
such that

tiy1—ti =9, VieN*t 2.2)

Definition 2.2. (Average Dwell Time) [65]: For a switching signal o (-), let Ny (11, t2) de-
note the number of discontinuities in the time interval [y, t;) of 0(-). Then o(-) has an
average dwell time (ADT) 9, if for a given scalar Ny > 0

h—h
Ua

where Ny is called the chatter bound.

Ng(t, £) < Np+ , Y, b suchthatt, =t =0

Dwell time (DT) switching requires the time interval between consecutive switch-
ing to be no less than a sufficiently large constant. Average dwell time (ADT) switching
was put forward in [47], as the extension of DT switching: in ADT switching the dwell
time is defined in an average sense, i.e. fast switching is allowed, provided it is compen-
sated by slow switching later on [142]. Some conservativeness of DT and ADT has been
later relaxed by the concepts of mode-dependent dwell time (MDDT) [26] and mode-
dependent average dwell time (MDADT) [167], where each mode has its own dwell time
or average dwell time.

Definition 2.3. (Model-dependent Dwell Time) [26]: Consider two consecutive switching
time instants (1% > (7" = 0. Let (' — (" denotes the running time of subsystem p
during each switched-on period [t 1. We say that the switching signal o(-) has

Pon Poff

ron g

i 7 i+l

model-dependent dwell time (MDDT) 9,4 for any p € Q if there exist 9,4 > 0 such that

oy =P =29, VieN* 2.3)

Definition 2.4. (Mode-dependent Average Dwell Time) [167]. Consider two time instants
L 2 11 2 0. Let Ny (11, 12) be the number of times subsystem p is activated over the interval
[t1, 12), and let T (11, 12) denote the total running time of subsystem p over the interval
[t1, &]. We say that the switching signal o(-) has mode-dependent average dwell time
(MDADT) 94 for any p € Q if there exist Nop = 1 and 04 > 0 such that

Ty (11, 1)
Np(tl,tz) SN()p+19—, Vi, t suchthatt, =1 =0 (2.4)

pa

where Ny is called the mode-dependent chatter bound.
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Remark 2.1. The MDADT class comprises various families of switching laws considered
in literature [46], such as dwell time (DT) switching (Nop = 1, 9pq = 04, YV p € Q), mode-
dependent dwell time (MDDT) switching (Nop = 1, 0pa = 0p, Vp € Q), and average dwell-
time (ADT) switching (Nop = No, 9pa =04, VP € Q).

Consider multiple Lyapunov functions V}, = xTpr, p € Q where Py, is a symmetric
positive definite matrix. The following Lemma provides the DT switching law:

Lemma 2.1. [65] Consider the family of switched system (2.1). Suppose that there exist
Vp:R—R, peQ, two class £ function ay and a3, and two positive number A > 0 and
u>1 forall p, g€ Q with p # q such that

a1(Ix]) £ Vp(x) = azx(lx),Vx, peQ (2.5)

and

av,
o[ =22V, ()
V(%) < pVy (%) (2.6)

Then the switched system (2.1) is globally asymptotically stable for any switching signal
o (-) with dwell time (DT)

) —_— 2.7
d> 21 (2.7)

2.1.2. THE ISSUE OF ROBUST ADAPTIVE CONTROL OF SWITCHED SYSTEMS
Robust adaptive control of switched systems refers to making the adaptive control ro-
bust in the presence of disturbances entering the switched system. In general, the sta-
bility of a switched system as (2.1) is intended as asymptotic stability [65]. However,
in this thesis we will deal with robust adaptive control of switched systems with ex-
ternal disturbance or state-dependent uncertainty, which requires different notions of
stability. The literature has shown that the presence of state-dependent uncertainties
makes it challenging to attain adaptive asymptotic regulation or adaptive asymptotic
tracking [24, 104, 129, 133, 172]. As a result, stability should be sought in the uniformly
ultimately bounded sense, which is the approach we also follow.

Definition 2.5. (Uniform Ultimate Bounded (UUB)) [52]. An uncertain system with state
variable x is uniformly ultimately bounded if there exists a convex and compact set € such
that for every initial condition x(0) = Xy, there exists a finite time T (xo) such that x(t) € €
forall t = T(xp).

Definition 2.6. [55] (Ultimate Bound). A signal ®(-) is said to have ultimate bound b if
there exists a positive constant b, and for any a = 0, there exists T = T(a, b), where b and
T are independent of ty, such that |O(t)| < a= P < b Vi=ty+T.

The notion of Uniform Ultimate Bounded (UUB) is the standard stability concept in
robust adaptive control (cf. [100, Def. 3] or [52, Def. 3.4.12] for details). Some designs
have been recently proposed aiming at robust adaptive control of switched systems [22,
109,128,154, 158, 168]. Such designs can be classified into two families:
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* adopting a sliding mode approach, in which uncertainties can be compensated by
sufficiently high robustification terms [22, 128, 168];

 extending the adaptive law modifications proposed for non-switched systems
(projection/dead-zone/leakage) to the switched framework [109, 154, 158].

Unfortunately, the approaches in the first family require monotonically increasing the
control gains, which might lead to unpractically high control inputs. For the second
family, the leakage modification is quite interesting in view of the fact that it does not
require any a priori knowledge of the uncertainty [52, Chap. 8], so it can potentially han-
dle larger parametric uncertainty than projection-based robustification, as illustrated
in [100, 156, 158]. However, in leakage-based robust adaptive control of switched sys-
tems, the control gains of the inactive subsystems will decrease during the switched-off
phase due to the stabilizing effect of the leakage action. Consequently, a new learning
transient will inevitably arise when the inactive subsystems are switched-on, as high-
lighted in the representative work [158]. This is up to now the biggest challenge in robust
adaptive control of switched systems. Thus, such a research gap motivates the following
research question:

Question 1: How to design a robust adaptive controller for uncertain switched systems
that does not require the control gains to vanish during their switched-off phase?

2.2. INTERCONNECTED POWER SYSTEMS

2.2.1. BACKGROUND OF INTERCONNECTED POWER SYSTEMS

When considering multiple interconnected systems (also referred to as multi-agent sys-
tems), an additional source of uncertainty arises from the interconnection terms among
the different systems. As an example, think about power systems where the intercon-
nection terms represented by power flow across different areas might result in inter-area
oscillations or other problems [24, 119, 133, 172]. The presence of these uncertain inter-
connection terms is often overlooked: in most distributed adaptive control approaches,
the interconnection is only the result of the synchronization/consensus protocol, i.e.
there is no interconnection before such protocol is designed [51, 64, 160].

In this section, we will illustrate the application of adaptive switched control on load
frequency control (LFC) of power systems, where randomness from the power load de-
mand and from renewable energy sources may cause frequency oscillations among in-
terconnected areas. In recent years, with the widespread development of the smart grid
technology, it was recognized as an essential feature for power system stability and se-
curity that local (i.e. intra-area) LFC should be complemented by multi-area LFC [165]:
the idea of multi-area LFC is that multiple areas are connected via a power network and
the frequency oscillations are balanced by adjusting the reference power of one or more
governors in each area [36].

Fig. 2.2 presents a three-area power system where each area is interconnected by the
tie line between distribution companies. In each area, one or more generators, in addi-
tion to producing power for the corresponding area, can be in charge of dampening fre-
quency oscillations among areas. The load frequency is regulated via control commands
delivered by such generators. It is clear that the system is intrinsically interconnected
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via the physical network and the communication network. In addition, the system is
uncertain since each generator in charge of LFC may not have an exact model for the ag-
gregated dynamics of its own area and for the aggregated dynamics of the neighboring
areas.

Tie-line12

: Generator
D_ : Load

Figure 2.2: Multi-area LFC structure

2.2.2. THE ISSUE OF ADAPTIVE SWITCHED CONTROL OF POWER SYSTEMS
On the one hand, traditional multi-area LFC techniques are based on fixed-gain con-
trollers [32, 77, 113], which are robust when uncertainties around the nominal power
system parameters (time constants, speed droops, stiffness coefficients, etc.) are small
[27,122]. However, the aggregated dynamics of each area contain both parametric un-
certainties and unmodelled dynamics, which are beyond the capacity of fixed-gain con-
trol [6,10,121]. Additionally, with the presence of renewable energy sources such as pho-
tovoltaic panels, wind farms, or microgrids, the level of uncertainty in power systems
goes beyond the capabilities of fixed-gain control approaches [1, 33, 58], and stimulates
new studies on multi-area LFC and related stability issues. Faced with such complex
uncertainties in multi-area LFC, researchers have turned to adaptive control so as to
enhance and lower the controller activity by assigning weights throughout the opera-
tion [44,90]: adaptation ideas include having targets based on the covariances between
area control errors [95], adapting participation factors [16, 97], or changing loads pro-
portionally to frequency deviations [61].

On the other hand, since modern power systems operate flexibly in several modes
(e.g. due to the changing power load demand), many different operating conditions are
entailed for each mode. A unique controller may fail to handle such structural changes
[1, 33, 58], whereas rapidly switching among different control configurations has been
proposed as a sound solution. Recent works where this point has been highlighted are
(68, 170] (showing the need for switching modes among different frequency regimes),
[43, 159] (showing the need for switching interconnection among different areas), and
[153] (showing the need for switching as the result of changing operating equilibria of
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the power system). For example, [68, 95, 159] show how the frequency can be bounded
by continuously switching interconnection among different control areas, or how the
switching signal can be designed, orchestrating when the load-side controller should
work in the mode of frequency restoration or in the mode of load restoration. Cyber
attacks provide another reason for dynamically changing topologies, [5, 112, 149]: pro-
posed countermeasures for mitigating attacks intentionally change the interconnections
between areas, so as to prevent load manipulation from attackers [75,92, 114].

From the perspective of control, the adaptive approaches based on switching linear
dynamics cannot find a direct application in multi-area LFC because the power flow is
intrinsically nonlinear (see [7, 53, 84, 141, 155] and references therein). Unfortunately,
most literature on switching nonlinear dynamics either ignores the unmodelled dynam-
ics [74, 148] or requires a priori bounded unmodelled dynamics [136], whereas aggre-
gated area dynamics generate state-dependent uncertainty, such as bus dynamics [37].
Therefore, although adaptive switching control has been judged an effective framework
to promote resilience, a multi-area LFC framework in which adaptation and switching
are combined together with nonlinear interconnections in a provably stable way is still
missing. This gives rise to the following research question:

Question 2: How to design an adaptive controller for multi-area LFC that can adapt con-
tinuously to parametric uncertainty and state-dependent unmodelled dynamics, while
discontinuously to structural changes?

2.3. MULTI-AGENT SYSTEMS

2.3.1. BACKGROUND OF MULTI-AGENT SYSTEMS

Since the topic of multi-agent systems is studied by different communities, there is no
unique definition for a multi-agent system: a quite general definition refers to a multi-
agent system as a collection of systems cooperating with each other by exchanging com-
munication/physical interaction via a network. In this sense, the aforementioned multi-
area power system in Section 2.2 fits this definition as well. However, the multi-agent
system literature generally puts more emphasis on the distributed nature of the con-
troller in contrast to the centralized deployment of a single-agent system, i.e. the con-
troller should use local information instead of information collected in a unique central
unit (this implies that only a part of followers has the access to the leader’s state infor-
mation).

Therefore, after investigating adaptive control of uncertain switched systems (wh-
ere the controller is centralized), this thesis will further explore distributed adaptive con-
trol of multi-agent systems with particular emphasis on Euler-Lagrange multi-agent sys-
tems. It is well known that Euler-Lagrange dynamics can describe the motion of various
mechanical systems [13, 103], robotic manipulators [59, 79], aerospace systems [25], and
so on. In addition, some electrical systems can also be described by Euler-Lagrange dy-
namics: for example, the Kuramoto model sometimes used to represent power system
dynamics can be seen as special Euler-Lagrange dynamics.

Given the emphasis on distributed control, we use graphs to represent a network
of nodes (or agents), cf. Fig. 2.3. A directed graph ¢ can be described by the pair
(¥,&), comprising the node set 7 £ {y},...,vn} and the edge set & =7 x V. Typically,
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Figure 2.3: Example of leader-follower topology (agent 0 is the leader in green)

the node set does not include the leader node vy, which is indexed by 0 due to its spe-
cial role. An edge is a pair of nodes (v, v;) € &, which represents that agent i has ac-
cess to the information from agent j, i.e. agent j is a neighbor of agent i (not nec-
essarily vice versa). The neighbor set of agent i is denoted by .4;. For those agents
i that can receive information from the leader, we have b; > 0; otherwise, b; = 0. Let
B =diag(by, ..., by) € RNV, called the pinning matrix. The edges in & are described by
the adjacency matrix o = [a;;] € RNV, where a;; > 0 if (v;,v;) € & and a;; = 0 other-
wise. The Laplacian matrix &£ = [£;] is defined as &£;; =} aijif i = j, otherwise
fij = —dij.

Let ¢;, g; € R" be the generalized coordinates and their derivatives of the followers,
and qo, go € R” be the state of the leader and its derivative. Define the synchronization
error ¢; € R” and its derivative é; € R" as

j=Lj#i

ei= Y. aij(qi—q;)+bi(qi - qo) 2.8a)
e

éi= Y aij(Gi—a;)+Dbi(di — do)- (2.8b)
e

Define e = [elT, e e]{,] T q= [qlT, e q}\}] T qo = 1n® qgo. Accordingly, the global synchro-

nization error with the leaderis 6 = (g — qO) € RN, Then we can obtain

e=—(£+B)®9. (2.9)

Note that 6 cannot be used for control design as it includes global leader state informa-
tion (only available to some followers).

Definition 2.7. Asymptotic Synchronization [82] A system is said to asymptotic synchro-
nize if for all q; € R" such that the synchronization error e; satisfiese;(q;, t) < B(e;(q;,0), 1),
where B is a class X £ function.

The following is a standard condition for achieving synchronization among multi-
agent systems in directed graphs [21,31,80] .
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Assumption 2.1. The directed augmented graph representing the connections between
graph ¥ and the leader node vy contains a directed spanning tree with the root being vy
(existence of a directed path from the leader to any follower node in the graph).

Lemma 2.2. [12] Under Assumption 2.1, the local and global synchronization error are
related by

el
161l < m (2.10)

with ||-|| the Euclidean norm, and A(£ + B) the minimum singular value of (£ + B), which
is positive under Assumption 2.1. Under the disturbance and unmodelled dynamics in
the dynamics, synchronization might not be achieved in asymptotic sense, e.g. practical
synchronization.

The problem becomes especially challenging in the presence of uncertainty in the
Euler-Lagrange dynamics. Developments in this field use adaptive control tools and
are often referred to as adaptive synchronization of uncertain multi-agent systems. Re-
cent developments in adaptive synchronization consider sinusoidal leader signals or
sinusoidal disturbances that guarantee persistence of excitation for proper estimation
of uncertainties [72, 73] (see also [23, 101] for the importance of persistence of excita-
tion in adaptive control and some recent efforts to relax this condition). Some adaptive
distributed approaches have been proposed to achieve asymptotic synchronization of
multi-agent systems in the presence of parametric uncertainties [3, 18, 78]. However,
when it comes to state-dependent uncertainties, practical synchronization (UUB syn-
chronization) is more appropriate to deal with this problem [162].

Definition 2.8. Practical Synchronization [82] A system is said to practically synchronize
if there exists an arbitrarily small positive scalar ¢ for all q; € R" such that the synchro-
nization error e; satisfies e;(q;, t) < B(e;(q;,0), t) + ¢, where B is a class # £ function and
@ is the bound of synchronization error.

2.3.2. THE ISSUE OF A PRIORI EXISTING INTERCONNECTIONS
Despite the progress in adaptive synchronization of multiple Euler-Lagrange systems,
existing results mainly rely on two important a priori assumptions:

* theuncertainty of the system dynamics having linear-in-the-parameters (LIP) struc-
ture [31, 64];

* absence of interaction among agents before protocol design.

The first assumption is rarely met in practical situations. In particular, except for viscous
friction, most friction models do not satisfy the LIP structure [76]. Notably, the presence
of friction is neglected in most adaptive synchronization works (cf. the Euler-Lagrange
dynamics in all aforementioned literature in Section 2.3.1). Regarding the second as-
sumption, most aforementioned literature (cf. also [12,51,171]) assumes that the inter-
connections between agents are nonexistent before control design. That is, the agents
interact with each other only as the result of the synchronization protocol. Before the
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control design, each agent is assumed to be unaffected by neighboring agents, which is
unrealistic in many cases. When a priori interaction is considered, such as in [41, 129],
the control strategy is decentralized (i.e. it assumes each agent can access the leader’s
information, and agents cannot communicate with each other). This assumption on
the interaction among agents restricts the applicability for synchronization for many
practical cases in which agents interact in some state-dependent way. For example, in
power systems [119, 133], or in the recently proposed open multi-agent systems [35],
interconnections exist before the control design, coming from the state difference be-
tween neighboring agents (e.g. power flow among neighboring areas). These a priori
assumptions on the structure of uncertainties and the structure of interactions motivate
us towards the following research question:

Question 3: How to design an adaptive distributed controller for multiple Euler-Lagrange
agents in the presence of state-dependent uncertainty and interaction terms while over-
coming the restrictive assumptions of the state of the art (e.g. the uncertainty of the sys-
tem dynamics having linear-in-the-parameters (LIP) structure, and absence of interaction
among agents before protocol design)?

2.4. UNDERACTUATED EULER-LAGRANGE SYSTEMS

2.4.1. BACKGROUND OF UNDERACTUATED EULER-LAGRANGE SYSTEMS
Often, either due to the limited actuators or to component failure, many mechanical
systems are not fully-actuated. Thus, underactuated systems are proposed as a class
of mechanical systems with fewer control inputs than their degrees of freedom. Prac-
tical examples include underactuated robots [40], underactuated cranes [71, 105, 126],
or underactuated vehicles [2, 139]: sometimes these systems can be preferable to fully-
actuated systems because of lower cost or more tolerance to faults.

2.4.2. THE ISSUE OF STRUCTURAL KNOWLEDGE

Classical approaches proposed to control underactuated systems include feedback lin-
earization [85, 117, 123], sliding mode control [9, 50, 70, 151], passivity-based control
[4,49,88], and optimal control [19].

However, the presence of system uncertainties can put most of these classical ap-
proaches at stake and requires dedicated designs. Adaptive-robust control, originally
developed for fully-actuated systems [94, 118, 125], refers to a class of adaptive con-
trollers only requiring the knowledge of an uncertainty bound around a nominal value
of the mass matrix. All the other system terms (Coriolis, gravity, friction terms) can be
unknown [73, 78]. While these methods constitute a general adaptive control frame-
work for fully-actuated Euler-Lagrange systems, such generality is missing for underac-
tuated Euler-Lagrange systems, where it is common to focus on special classes of dy-
namics [38] or on specific applications (cranes, vessels, etc. [34,91]). A non-adaptive
framework for underactuated Euler-Lagrange systems has been developed under struc-
tural assumptions on the mass matrix [4,50, 57,70, 85, 123]. Specifically, the mass matrix
should depend on the actuated states only [50], or depend on the non-actuated states
only [4,57]. Unfortunately, this condition does not only require structural knowledge,
but it also turns out to be falsified in several practical scenarios, such as biped robots [40],
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cranes [71], vehicles [2], and surface vessels [91].

State-dependent and possibly uncertain interconnection terms have only been con-
sidered for some classes of fully-actuated dynamics in a decentralized control approach,
i.e. when the agents do not communicate with each other [41, 129]. For underactuated
dynamics, distributed control was considered in [2] with the exact knowledge of sys-
tem terms and no uncertain interconnections, whereas the adaptive method in [69] and
non-adaptive ones in [4, 49, 88] are for single agents, i.e. the issue of uncertain intercon-
nections does not arise. This overview shows that distributed control of underactuated
Euler-Lagrange systems with uncertain system terms and interconnection terms is still
an open problem in the literature. A question automatically comes up:

Question 4: How to achieve synchronization in multiple underactuated Euler-Lagrange
systems with a lack of structural knowledge for system dynamics and interconnection
terms?



ROBUST ADAPTIVE CONTROL OF
UNCERTAIN SWITCHED LINEAR
SYSTEMS

The literature review in this chapter has shown that attaining good transient behavior
in leakage-based robust adaptive control of uncertain switched systems is intrinsically
challenging. In fact, because the gains of the inactive subsystems must exponentially
vanish during inactive times as an effect of leakage action, new learning transients will
repeatedly arise at each switching instant. In this chapter, a new leakage-based mech-
anism is designed for robust adaptive control of uncertain switched systems: in con-
trast to the available designs, the key innovation of the proposed one is that the adap-
tive gains of the inactive subsystems can be kept constant to their switched-off values,
thus preventing vanishing gains. Bounded stability of the closed-loop switched system is
guaranteed thanks to the introduction of an auxiliary gain playing the role of leakage. A
benchmark example commonly adopted in adaptive switched literature shows that the
proposed strategy can consistently improve the transient behavior under various fami-
lies of switching signals.

3.1. INTRODUCTION

From the control point of view, adaptive control of switched systems is a quite recent
research field aiming at controlling switched systems with parametric uncertainties [28,
29,54,109,157]. In line with the issues highlighted in the famous Rohrs’s counterexam-
ple [98] or in the books [52,130], adaptive control designs are generally not robust. In con-
trast with (non-robust) adaptive control of switched systems, where the control gains of
the inactive subsystems can be kept constant at their switched-off values [54, 109, 157],
in leakage-based robust adaptive control of switched systems one requires the control

This chapter is based on [132]

17
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gains of the inactive subsystems to decrease exponentially during inactive intervals. This
is necessary in order to prove (bounded) stability, because such a exponential decrease
is a stabilizing effect of the leakage action. Of course, such a vanishing-gain mechanism
would lead to a new learning transient whenever an inactive system is activated again.
This is up to now, the biggest challenge in robust adaptive control of switched systems.

The work in this chapter presented in this paper is motivated by the aforementioned
Question 1: How to design a robust adaptive controller for uncertain switched systems
that does not require the control gains to vanish during their switched-off phase?

A positive answer to this question is provided here. A new leakage-based framework
is proposed, whose main contribution is to allow the control gains of the inactive subsys-
tems to stay constant at their switched-off value, while guaranteeing the stability of the
closed-loop switched system. This is achieved via a new auxiliary gain that provides a
suitable leakage action during inactive time intervals. A benchmark example commonly
adopted in adaptive and robust adaptive literature shows that the proposed strategy can
consistently improve the transient of the closed-loop system under various families of
slowly-switching signals (in the framework of dwell time and its extensions).

The rest of this chapter is organized as follows. The problem formulation and def-
inition are presented in Section 3.2. The proposed robust adaptive mechanism is pre-
sented in Section 3.3, while its stability analysis is provided in Section 3.4. In Section 3.5,
the effectiveness of the proposed controller is extensively studied using the benchmark
example. Section 3.6 presents concluding remarks.

3.2. PROBLEM FORMULATION

In the following we recall the main concepts of model reference adaptive control, the
most studied framework for adaptive control of switched systems [29,54,109, 157]. Con-
sider the following switched linear system:

x(1) = Ag(ny X(0) + Bo (1) Uo (1) () + d(1), 0 (1) €2 3.1

where x € R” is the state vector; u, € R is the (switched) control input; d € R” is an
external bounded disturbance with unknown bound, and o (-) is the piecewise constant
switching signal (to be defined later) taking values in Q :={1,2,..., N}, with switching in-
stants denoted by ¢, £;11, -, and with intervals in between instants denoted by [#;, £;+1),
[=1,2,---,and with N the number of subsystems. The switched linear system (3.1) is un-
certain when the entries of the matrices A, € R"*" and B), e R"*™", p € Q) are unknown.

A switched reference model representing the desired behavior for each subsystem is
given as:

Xm () = Amo ) Xm (1) + Bpon 1 (2), 0(1) €Q (3.2)

where x;, € R" is the desired state vector, and r € R™ is a bounded user-defined sig-
nal. The matrices A;,, € R"*" and B,,), € R"*"" are known and A, p € Q, are Hurwitz
matrices (so that the desired behavior of each subsystem is stable). It is known from lit-
erature [29,54,109,157] that the state-feedback mode-dependent control law that makes
(3.1) behave like (3.2) is

us oy (D =KL x(+ Lk r(D)
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where Kj; € R"*™ and L;, e R™*™, p € Q, are nominal parameters satisfying the following
matching conditions:

* T *
Ap+BpK;" = App, BpLy=Bpp. (3.3)

As the matrices (Ap, Bp) are unknown, the gains K; and L;‘, in (3.3) are unknown.
Define Kj, and L, as the (time-dependent) estimates of the ideal parameters K, ; and L;;,
respectively. Thus, the following controller is introduced:

o () = KL (D2(8) + L (1) + T (D)7 (8), (3.4)

where K, e R"*™, L, e R"*™ and T, = diagly;p}, p€Q, i =1,---,m are to be updated
from appropriately designed adaptive laws. As compared to (3.3), the introduction of ',
in (3.4) is for robustness reasons, as it will become clear from Section 3.3.

Let e(f) = x(t) — xn(t) be the tracking error. After substituting (3.4) into (3.1) and
subtracting (3.2), we obtain the dynamics of the tracking error as follows:

é(1) = Amo(ne(t) + Bo() (R (0x(0) + Lo (1) + Ty (D) r (1)) + d (1) 3.5

where K, = K, — K} and Ly=Ls— L} are the parameter estimation errors.
When the switching sequence is known, we indicate the fact that the next mode to
be switched on after p is g with g € 4 (p). Then, we present the following definitions:

Definition 3.1. (Model-mode-dependent Dwell Time) [158]: Consider two consecutive
switching time instants tjy1 > t; = 0 with o (t;) = p, o(t;+1) = q. We say that the switching
signal o (-) has model-mode-dependent dwell time (MMDDT) 9, for every pair of p €
Q, q € N (p) if there exist 0pq > 0 such that

tis1—t; =2 0pg, VieN" (3.6)

Definition 3.2. (Mode-mode-dependent Average Dwell Time). Let Ny ,(11, I2) be the num-
ber of times subsystems p is activated over the interval (11, 1], q € N (p), and let Ty4(11, t2)

denote the total running time of subsystem p switching to q over the interval [, t;]. We
say that o (-) has mode-mode-dependent average dwell time (MMDADT) 9,4, for every
pair of p € Q, q € N (p) if there exist positive numbers Nopg = 1 and 0pqq such that

Tpq(ty, 12)

Npq(t1, £2) = Nopg + —
rqa

, Vo= =0 3.7)

where Nop is called the mode-mode-dependent chatter bound.

Remark 3.1. The MMDADT switching signal is an extension in an average sense of the
MMDDT proposed in [158]. It is introduced for consistency, in order to be able to run fair
comparisons with many switching families introduced in the literature.

We now introduce some standard stability concepts. In robust adaptive control of
uncertain switched systems, uniform boundedness of the tracking error and of the closed-
loop signal is what one can aim at [22, 128, 154, 156, 158, 168]. This concept is formalized
in the definitions of Uniform Ultimate Boundedness (UUB) and Ultimate Bound intro-
duced in Chapter 2, Definition 2.5.

The following assumption is standard (see survey [131]), in order to handle adaptive
control of multi-input linear subsystems in (3.1).



20 3. ROBUST ADAPTIVE CONTROL OF UNCERTAIN SWITCHED LINEAR SYSTEMS

Assumption 3.1. The matching conditions (3.3) hold for some unknown K, and L,
and there exists a family of known matrices S, € R™* ™, p € Q. , such that M, = LySp =

LSy =S,LyT >0, VpeQ.
The problem formulation can be finally given as:

Problem 3.1. Under Assumption 3.1, develop an adaptive law for the control parameters
in (3.4) and a switching law based on MDADT (or MMDADT if the switching sequence is
known) such that, without requiring knowledge of the nominal values of A, and By, Vp €
Q, uniform ultimate boundedness of all closed-loop signals is guaranteed, including the
tracking errorin (3.5).

3.3. CONTROLLER DESIGN
In this section, novel adaptive laws for the gains in (3.4) are proposed to solve Problem

3.1. Correspondingly, stabilizing switching laws are given in the framework of MDADT
switching (or MMDADT if the switching sequence is known).

3.3.1. ADAPTIVE CONTROL

For compactness, let us denote with p the index corresponding to the active subsystem
at time ¢ (e.g. in the interval t € [17, £;41)). If p is an active system, we use p € Z(p) =
Q\{p} to indicate the set of inactive subsystems with respect to p. Let P, > 0 be the
solution to

AppPp+PpAmp+(1+x,)P, <0, (3.8)

where x, is a user-defined scalar.
Then, consider the leakage-based adaptive laws

Ky (1) = =S, By, Ppe()x” (1) =6, K, (1), K (1) =0, (3.92)

Ly(t)=—=S, By, Ppet)r (1) =8, L, (1), Ly(1) =0, (3.9b)

Yip(t) =0,

Fip(t) == | Bip+ 05 ({Kp (DKL (0}, + {LEO L5}, ) | Yip(0) + Biperp, YD € S (p)
(3.90)

-1
with 6, = max(w, 21<g/1max(M;1)) >0, 3.9d)
geQ 2
and y;ip (%), Yip(to) > €5 (3.9¢)

where the notations {K5KX};; and {LL1-};; are used to indicate diagonal elements along
Pp pP

the corresponding matrices; f;5, €;3 € R* i = 1,---,m are static design scalars and #
is the initial time. The condition (3.9d) stem from Assumption 3.1, which implies an
upper bound knowledge on the perturbation in matrix B, is known. Such consideration
is standard in literature and also valid in practical systems (cf. [106]).
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Remark 3.2. The inequality (3.8) is equivalent to the standard Lyapunov inequality
(App + (L+xp)[21)Pp + Py(Ap,, + (1 +K,,)/121) <O (3.10)

which highlights how Ap,), of the reference models should be chosen in such a way that
their eigenvalues have sufficiently large real part (implying sufficiently high exponential
decay). This is not restrictive, since it is a standard requirement for stability of switched
systems, obtained by requiring that the possibly destabilizing effects of switching are com-
pensated by the exponential decrease in between switching instants [46, 65, 66].

For comparison purposes, let us explicitly recall the robust adaptive law in [158]

K, () =-S, By, Ppe()x’ (1) - 6,M,K, (1), (3.11a)
Ly(t)= =S}, B,,,Ppe(t)r’ (1) =8, M,Ly(1), (3.11b)
K3 (1) = =65 MpK (1), VP € I (p) (3.110)
Ly (1) = =65 MpL5(1), VP € I (p) (3.11d)

where the leakage rates 6, must satisfy: 6, = AmaX(M;I) > 0, and 65 must satisfy: 65 =
Amax(M21) 2 0.

It can be seen that the adaptive laws (3.11) are designed such that the gains for the in-
active subsystems vanish exponentially during the inactive times, as an effect of leakage.
This is required in order to prove UUB [158]. Unfortunately, this mechanism implies
that the gains will drop to zero if a subsystem remains inactive for a sufficiently long
time. This will lead to a new learning transient every time the subsystem is switched
on again. This undesirable scenario is avoided by (3.92) and (3.9b) where the adaptive
gains are kept constant after the subsystem is switched-off. Such the slight difference
in leakage action between (3.9) and (3.11) results significant difference in the transient
performance (see the simulation section 3.5 for more details on this point).

3.3.2. SWITCHING LAWS
In this section, a stabilizing switching law is given in terms of MDADT switching (or MM-
DADT if the switching sequence is known).

We define 0po = Amax(Po), @mo = Amin(Po), @ = MaXgeq(@mo) and ¢ £ mingeo (@mo)-
Following Definition 2.4 of MDADT, the switching law is proposed via:

1
ﬁpa>19;a:x—lnup, VpeQ (3.12)
p

and any Nyp = 1, where p,, = OMp!@mp; Xp is a user-defined scalar satisfying 0 < y, <
Kp, Vp €.

According to Remark 2.1, the switching law (3.12) includes DT, MDDT, and ADT as
special cases. For the scenario when the next subsystem g to be switched after subsys-
tem p is known, we propose a MMDADT switching law in line with Definition 3.2 via

1
ﬁpqa>ﬁ;qazx—lnppq, VpeQ, g=N(p), (3.13)
p
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where tpq = omg/@mp. The MMDADT law is proposed for subsequent comparisons
with [158].

Remark 3.3. It is important to notice that, when selecting the samex, as [158] (thus ob-
taining the same P, and uy in in (3.8) and (3.12), respectively), one will obtain exactly
the same 0pq as [158] (since the design parameter {, in [158] plays exactly the same role
as xp here). Therefore, the proposed adaptation mechanism does not introduce any re-
striction in 9,4 as compared to the state of the art. This allows a fair comparison of the
proposed method with the method in [158], i.e. the methods can be compared for the same
switching signals.

3.4. STABILITY ANALYSIS
The following lemma is useful for stability analysis:

Lemma3.1. [152] Let ® € RE, ¢ € R be vector-valued signals, and let W € R8>8, G € R8*¢
be constant matrices. Then, the following inequality holds:

20T wGp<oTwwlo+¢p G Go
The stability properties of the proposed adaptation framework can now be stated:

Theorem 3.1. Under Assumption 3.1, the closed-loop switched system formed by the
switched system (3.1), the reference model (3.2), the controller (3.4), the adaptive laws
(3.9), and the switching law (3.12), is Uniformly Ultimately Bounded (UUB) and an ul-
timate bound b on the tracking error e can be found as

be R (3.14)

2
2
2B = max G + 4 5+ 2 )
peQ \/Em(Kp_Xp) Q(Kp_)(p) (Kp—xp)

= N
(Y N
0.y 221 Ky"

where the scalars {1, {; € R are defined during the proof.

Proof: Stability relies on the Lyapunov candidate defined by:
N ~ N ~ N
V()= el (DPype+ Y tr[Ks(t)MgleT(t)] +y tr[L{(t)M;lLs(t)] +y tr[gsrs(t)]
s=1 s=1 s=1
(3.15)

where I’ = diag{l/yig}. In fact, from (3.9¢) and the initial conditions (3.9¢), it can be
verified that 3y, , v;, € R* such that

Y., <Yio () <Yy Y2 1. (3.16)

Analysis of (3.15) at the switching instants is required, since Pj, is different for differ-
ent subsystems generally (i.e. V() might be discontinuous at switching instants). Let
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subsystem o(¢;, ) be active when ¢ € [7;,7;11) and subsystem o (7;+;) be active when
t € [t;41, t142). Without the loss of generality, the behavior of V(:) is studied at the switch-
ing instant £;,1,l € N*.

At the switching instant #;,;, we have before switching

N
V(a7 = €7 (1) Poteyelty ) + 2 te| Lt Tster, )|
s=1

N N
+ Y Rt DM R ()| + 3 | LT )M Lt )
s=1 s=1

and after switching

N
V(t141) = e (1141) Poyy,etis) + tr[zs(t;l)rs(tm)
s=1

N N
+ Y tr| Ksttr) My R ()| + 3 | 2 () M L)
s=1 s=1

According to the continuity of the tracking error e(-) in (3.5) and the continuity of the
parameter estimates updated via (3.9), we have e(z, |) = e(f;+1), I?S(tl‘ﬂ) = Ks(t141),

L(1;, ) = Ls(t141), and T(1;, ) = T(y41) for any switching law. Due to e’ (1)Ppe(r) <
ompe’ (De(t), and e” (1) Ppe(t) = pmpe’ (H)e(r) we have

V) = Vit7y) = 7 (7,) Potap ~ Potey D)
- OMp —Omp T OMp —OPmp

" (7Pt ety = 2P V(i)
Omp Omp

Then, we obtain the following inequality for V(-) at the switching instant #;,1:
V(te1) S upVit,,) (3.17)

with gy = opmp/Omp = 1.

Next, the behavior of V() is studied between two consecutive switching instants,
i.e., when f € [#;, #;41). In the following, let o () = p denote an active subsystem and an
inactive is denoted as p = Q\{p} when ¢ € [#;;1, ;;2). Let us also use the notation .# (p) to
indicate all inactive subsystems when subsystem p is active. Then using (3.8), (3.5) and
(3.9a)-(3.9¢) we have

V<-el(l+x,)Ppe+2e" P,B,(Rpx+(Ly+Tp)r)+2e" Ppd
N ~ . N ~ . N .
r2Y w|RoM; K] [ +2 ) o ETM; | +2 ) w|r ]
s=1 s=1 s=1
- T T T .
<—xpe Ppe+2¢ PyB,Tyr+d" Ppd+ Y tr[L,l5)

pef(p)
~2u|Ry0,M,' K} | - 26| L]0, M, L, | (3.18)
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The following simplification can be made using Lemma 3.1:

~2tr| Ry, M, K} | <= | Ry M 25,1~ MyWR) 1+ (K 62 K37, (3.19a)
—2u|L)6,M, Ly <—u|L)M, @5,1- MWL, | + e[y 8515, (3.19b)

Further, noting Lﬁfg = diag{yiﬁlzii}, i=1,---,m, the following can be deduced from
(3.9¢) and (3.16)

Yig  ~ (ﬁiﬁ + 5y({K§KﬁT}ii + {L%Lﬁ}ii)) Yip+ Bip€ip

Ziﬁ Ziﬁ

< 05 ((KpKyrhis + (LE L) + Brpeip) . (3.20)

Moreover, using the relations K, = K, — K;, Ly=L,- L} and Lemma 3.1 we have
tr[KI Ry) = (K] K, — 2K K: + KX TKE < 2tr[K! Ky + K2 T K, (3.21a)
Ll Lyl =Ll Ly — 20 L + L2 L < 2tr[Ll Ly + LT L2 (3.21b)
Using (3.19)-(3.21), (3.18) is simplified as
V<-x,V+2e' P,B,Tpr+d" Pyd
—tr[Ry M, 20,1 — (M, +xp DK 1+ tr[K T 6% K] = tr(L, M, (28,1 — (M, +x, D) L]

N
+ ; t)r[KﬁTKﬁ(KﬁAmax(M;) — (1/2)8p)] + (112 (K 65K5] + thr[xsgsrs] +tr[Ly, 6% L
peg(p $=

m
+3 (L L (kpAmax (M) = (1/2)55)] + (1/2)tr[L%T6gl%] + Y Y Bipeply
pef(p) pef(p)i=1
< —kpV +2llelllPyByLpril+ouplldl + trlK; 6% K31+ tr(Ly 65 L7 ]

ip

N m
+ Y b+ Y |2l 65K+ (12)ulLy 5L + ) Bipeip) 7 - |-
s=1 Pes(p) i ~ip
(3.22)

By definition r € £, and by design I's € £, from (3.16). Therefore, 3¢; € R* such that
[1PpBpTprll <1 Vp € Q. Further we define a scalar (> as
A— 2 T o2 T g2 -
{ =plldll” + I’Ijleaé((tr[Kp 6pr] +1r[L), 5pr]) + s;l trxsL sl
T T &
+ Y |2tk opKs)+ (12wl S50+ Y (Biperp)ly |- (323)
pef(p) i=1
Again, the definition of the Lyapunov function (3.15) yields

V= Amin(Ppllel® = o llell?. (3.24)

pl
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We had defined y, earlier such that 0 < y, < x,. Hence, using (3.23)-(3.24), (3.22) is
simplified as

V<s—tpV—Kp=xp)V+201,/Vip+Ca. (3.25)

Thus, V < —€,V is established when

2
2
V = max 4l + 1 + G2 '
pea | Jop—xp) \ eKp—xp)*  (Kp—xp)

So we obtain that a positive scalar 28 as

2
2
2 = max SE— J S| (3.26)
pe | Jolkp—xp) \ @eKp—xp)®  (Kp=xp)

In light of this, further analysis is needed to observe the behavior of V (#) between the
two consecutive switching instants, i.e. £ € [#;, #;41), for two possible cases:

(i) when V(£) = 8, we have V(f) < —xpV (1) from (3.25) implying exponential de-
crease of V(1);

(ii) when V(¢) < %8, no exponential decrease can be derived.

The behavior of V() is discussed below individually for these two cases.

Case (i): There exists a time, call it T}, when V (#) enters into the bound % and N(r)
denotes the number of all switching intervals for ¢ € [#, ) + T7). Accordingly, for ¢ €
[to, to + T1), using (3.17), (3.25) and from Definition 2.4 we have

V() =exp (_Xa(ﬁ(t)—l)(tﬁ(t) - tﬁ(t)—l)) VtRp-1)

= “g(ﬁ(t)—l) exp (_XO'(N(I)—I)(tN(I) - tN(I)—l)) V(%(t)fl)

< Ho®N(n-1) €XP (‘Xa(ﬁm—l)(tﬁm ~ N1 ) :
Ho(N(1)-2) €XP (‘Xa(ﬁm—z) (tR-1~ tﬁ(n—z)) Vg,
= HoN-1) €XP (_Xa(ﬁ(t)—l)(tﬁm - tﬁ(r)—l)) :
Ho@®(n-2) €XP (—XU(N([)_Z) (tRn-1~ TN -2 ) :
U (1) €XP (= Xo 1o (11 — 10)) V (£0)
N N
=11 IJpp exp( Y. xpTp(to, to+ T1)) V(to)
p=1 p=1
o Inp
=CeXp(Z (—p—xp)Tp(to, to+T1))V(to), (3.27)
p=1 1917“
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m
where ¢ £ exp( ¥ Noplnpup) is a constant. Substituting the MDADT condition 9,4 >
p=1

Inpy,/xp into (3.27) yields V(1) < cV () for t € [tp fp + T1). Moreover, as V(5 + T1) < %,
one has V(ty,,) < ,ug(%ﬂ).% from (3.17) at the next switching instant ¢, after fo + T7.
This implies that V() may be larger than 98 from the instant #5, ;. This necessitates
further analysis.

We assume V(1) = % for t € [ty to + T»), where T» denotes the time before next

(O+1’
switching. Let N(#) represent the number of all switching intervals for ¢ € (5,1 fo+ T2).
Then, substituting V' (fp) with V(i) in (3.27) and following the similar procedure for

analysis as (3.27), we have V(1) < ¢V (£, ,,) < cug(%mﬂ)% fort E.[tﬁ('tHl.’ to+1>). Since

V(ty + T») < 9B, we have V“{THNTZ) < cug(%mﬁ)% ?t the next switching instant tﬁ*ﬁ‘fz

after fy+ T». If we follow similar lines of proof recursively, we can come to the conclusion

that V(¢) < cmag{QMp/Qmp}% < cu where p = plp for t € [ty + T}, oo). This confirms
pe =

that once V (f) enters the interval [0, 8], it cannot exceed the bound cp 28 any time later
with the ADT switching law (3.12).

Case (ii): It can be easily verified that the same argument below (3.27) also holds for
Case (ii).

Next, we study the dynamics of the tracking error: Based on the aforementioned
analysis about UUB, it can be obtained that

V(6) = max{V(t),cusB}, Vi€ to. (3.28)
Then, it follows from that the tracking error is upper bounded in the following form:

1
le(®? < = max{ V(ty),cudB. (3.29)
5 max{V (1), cuss

m
Substituting ¢ = exp( Y. Ny plnpy) and p=p/pinto (3.29), thus the tracking error is UUB
p=1 -

with an ultimate bound b with

(3.30)

Thus, observing the stability arguments of the Cases (i) and (ii), it can be concluded that
the closed-loop system remains UUB. |

Theorem 3.1 reveals that stability of the ideal model reference closed loop (i.e. the
switched closed-loop system arising from (3.1), (3.2) and the ideal control law before
(3.3)) can be proven via the first quadratic term of the Lyapunov function in (3.15): fur-
thermore, because the ideal model reference closed loop is a linear switched system (in
the absence of adaptation), on can easily prove asymptotic stability along the arguments
of [46, 65, 66]. Other remarks to compare Theorem 3.1 with the state of the art follow:

Remark 3.4. Because we keep the control gains constant during inactive times, one has
to introduce a new mechanism to achieve stability. The proposed new mechanism is the
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auxiliary gain Ty in (3.4), together with its adaptation law (3.9¢). This gain plays the
role of a leakage action for all inactive subsystems. Note that the second and the third term
in the Lyapunov function (3.15) are summations over all (active and inactive) subsystems.
In order to achieve exponential decrease of the Lyapunov function far enough from the ori-
gin (i.e. (3.22)), the items regarding active and inactive subsystems of V (t) should be offset
by the corresponding items of V (), respectively. Since the derivative of the adaptive laws
Kz, Ly for inactive sulgsystemsﬁ equals to zero, only the relative items regarding the active
subsystem remain in. V(1). That's why ' is put forward: to compensate the missing part of
inactive systems in V (t) such that (3.22) can be attained. Therefore, the crucial difference
between [158] and the proposed scheme is the use of auxiliary gainsT 4y which avoids ex-
ponentially vanishing gains Kz, L for the inactive subsystems p. It is worth noticing that,
withy ;s being lower bounded by a positive value, the Lyapunov function V in (3.15) does
not reach zero. However, the origin of the tracking error and the parametric estimation
errors is not excluded; V may not reach the origin, but the tracking error e and parameters
estimation error Ky, Ly can still be zeros even if vic # 0. Eventually, the ultimate bound
(3.30) on the tracking error e is still around the origin.

Remark 3.5. It has to be noted that, for a certain subsystem p, I', might be different at
switched-off and switched-on times, due to the evolution of v in (3.9¢) during inactive
time intervals. This might lead to some transient at switched-on instant. However, there
are clear evidences for such transient to be smaller than the one in [158]. The first evidence
is that any possible transient in (3.4) is contributed only by T () which enters as a feedfor-
ward term: feedforward terms have less effect on learning transients than feedback terms.
In the proposed design, the feedback gains Ky ;) do not contribute any transient, whereas
the transients in [158] arise from both feedback terms K, ;) and feedforward terms Ly (y).
The second evidence is that the effects of transients in I';(;) can be reduced by properly
tuning the design parameters: for example, selecting y;3(t) and B;p, €5 in (3.9¢) very
close to each other, with relatively high B3, will induce a fast decrease of v to its lower
bound. Therefore, y ;; will be almost the same at switched-on and switched-off times. This
analysis is also confirmmed by the simulation example (see Section. 3.5)

In other words, the intuition behind (3.4) and (3.9) is that it will reduce learning tran-
sients at switched on instants. Of course, improved transient behavior cannot be for-
mally proven because any bound on the transient performance of adaptive closed-loop
systems is in general very conservative [130]. Nevertheless, one can verify the improved
transient performance in simulations, as done in Section 3.5.

For a proper comparison with [158], Theorem 3.1 is now modified to account for
MMDADT in Definition 3.2.

Corollary 3.1. Under Assumption 3.1, the closed-loop switched system formed by system
(3.1), the reference model (3.2), the controller (3.4), the adaptive laws (3.9), and the switch-
ing law (3.13), is Uniformly Ultimately Bounded (UUB) and an ultimate bound b on the
tracking error e can be found as

P.qeQ
= geN(p)

1 N Nopg
be |0, | = max {upq} B[] ups” |, (3.31)
p=1
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where the scalar 9B is the same positive constant as in Theorem 3.1.

Proof: The proof follows the same steps as Theorem 3.1 with the same Lyapunov func-
tion (3.15) being adopted. The main difference arises from the Lyapunov function’s value
at switching instant ¢, which can be expressed as:

OMo(t141) - _
V(ti41) = —I_HV(IHI) = max {Ho(y, o, )V (1) (3.32)
Omate ) q’;'jVE(p)

Here, we define p,, = Ho(totty,) Prd €84 € A (p). The analysis of the Lyapunov

function during the switching intervals is identical with (3.18)-(3.26). Since the switch-

ing sequence is known, the maximum increase of the Lyapunov function at the switch-

ing instants is max {tpq} instead of p/p as in the MDADT case. The rest of the proof
qeN (p)

follows the lines from (3.22)-(3.30) after substituting fig (s ) With Le(s,,)0(;,,) and ¢ =

m
exp( X NopgInppg). We conclude that the adaptive law (3.9) and the switching law with
p=1
MMDADT (3.13) lead to UUB stability with bounds (3.31). [ ]

Table 3.1: Parameters for the six switching families under consideration (note that DT/ADT, MDDT/MDADT,
and MMDDT/MMDADT have the same 97, 9}, and 9}, as they only differ in terms of chattering bound).

Switching ~ DT/ADT  MDDT/MDADT MMDDT/MMDADT
strategies

Switching ~ Unknown Unknown Known in advance
sequences

9* =237 9r=163,0;=11805 =132 9%, =163,0%, =126
95, =11.8,05, = 10

Parameters o263 1 = 486,10 = 2783, 13 = 154.1 g3 = 48.6, gy = 120.3
U21 =272.4
xk=0.25 k1 =0.25,x2 =0.5,x3=0.4 k1 =0.25,x2=0.5
K3 = 0.4

3.5. SIMULATION EXAMPLE

A benchmark example commonly adopted in switched adaptive literature [14, 83, 108,
110, 146, 158] is considered to show how the proposed strategy compares to the state of
the art, i.e. the approach in [158]. The example is a simplified model of a Highly Maneu-
verable Aircraft Technology (HiMAT) with the following three subsystems:

—0.8435 0.97505 —0.0048 -0.1299 -0.092 -0.0107 -0.0827
A= 87072 -1.1643 0.0026 |, By =|-7.6833 —-4.7974 4.8178 —5.7416].
0 1 0 0 0 0 0
—-1.8997 0.98312 -0.00073 -0.2436 —-0.1708 -0.00497 -0.1997

A= 11.720 -2.6316 0.00088 |, B, = | —46.206 -31.604 22.396 —31.179
0 1 0 0 0 0 0
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—-1.2206 0.99411 -0.00084
Az =|-64.071 -1.8876 0.00046
0 1 0

,B3=1-27333 -13.163 11.058 -26.878].

0 0 0 0

-0.0662 -0.0315 -0.0141 —0.0749]

3.5.1. DESIGN OF THE REFERENCE MODEL
Three ideal controllers and reference models arise from the same design of [158], whose
parameters are given below for completeness:

06209 07460 14508 Cosss 07 032
Ki=| 03174 04621 —0.94g3| L1 =lxar Am = [-2.1076 —14.5691 ~26.2966

[ 0.4534  0.5572  1.0902 0 ! 0

01904 06793 L5202 Lo osi o7
K= | 00612 —03289 —0.7507| " L3 = Iaxts Amz = | ~7.6710  ~703615 ~151.7803 .

[ 0.1431 04585  1.0212 0 ! 0

:g'ggzg g'gizz é'ggég [ -1.1228  0.8986  —0.2163 |
Ki = 03287 02599 —0.6290 |+ L3 = Iaxts Ams = [~20.6916  —43.2036  —93.9421

[-0.6423  0.6288  1.4175 0 ! 0

3.5.2. COMPARISONS
For a fair comparison purpose with [158], the leakage action in the adaptive laws in (3.9)
is slightly modified as

Ky (1) = =S, By Ppe(t)x" (1) =6, MpK,, (1), K7 (1) =0, (3.33a)

Ly(t)= =S}, B, Pped)r’ (1) =8, M,Ly(1), Lz(1)=0, (3.33b)

Vip(t) =0,

Vip(t) = - [ﬁ,-ﬁmg({Kngg 0}, + {L%(t)Lg(t)}ii)]yiﬁ(r) +Bipep (3330

with &, = Amax(M,,") =0, (3.33d)
852 (1/2) Amax(M;;") 20, (3.33e)

and y;p(to),yip(t0) > €5, (3.33f)

which allows us a perfect comparison with [158] under the same choice of design param-
eters. Please note that the only difference between (3.11) and (3.9) is the special choice
of the leakage gain, which requires some knowledge of Lj,.

Let k1 = 0.25,x2 = 0.5,x3 = 0.4 as in [158]. By solving (3.8), we get the following posi-
tive definite matrices:

0.7337 -0.0162 -0.3781
Py =|[-0.0162 0.0549 0.0800
-0.3781  0.0800 2.3960

0.5225 -0.0028 -0.0517
—-0.0028  0.0092 0.0132 |,
-0.0517 0.0132 1.9764

P2 =

| o

5
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Switching signal based on DT.
I 1

24 48 7 96 120 144 169 192

e e I — = |

Switching signal based on MDDT.
I I I I I I I I I

26 43 55 69 86 98 112 129 143 155 169 181 198

Switching signal based on MMDDT.
1 1 1

30 42 59 72 82 95 107 124 137 147 160 172 189
time ()

Figure 3.1: Switching signal based on DT, MDDT, MMDDT.

Switching signal based on ADT.
l l

— L]

0 6 12 18 96 120 144 168 192
Switching signal based on MDADT.
T TTT I I I I I I I I I
il | L]
1k
Ll | | | | | | | | |
03 7 111417 86 98 112 129 143 155 169 181 198
Switching signal based on MDDADT.
TTTT T I I I I I I I
il [ 1
ol

0 710215121

49 67 102 119 137 150 166 189
time (s)

Figure 3.2: Switching signal based on ADT, MDADT, MMDADT.
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0.7942 -0.0063 -0.3177
P3=1-0.0063 0.0167 0.0241
-0.3177  0.0241 2.4767

As explained in Remark 2.1, this implies that the same parameters for DT, MDDT,
MMDDT can be obtained as in [158]. Table 3.1 shows these parameters, whereas Fig.
3.1 shows three switching signals satisfying the DT, MDDT, and MMDDT requirements
(such signals are the same as [158]). We also provide three additional switching fam-
ilies that satisfy the ADT, MDADT and MDDADT requirements: such signals have the
same 1‘);, 19;‘,, and 19;,q as DT, MDDT, MMDDT, and they only differ in terms of chatter-
ing bound. The chattering bound allows fast switching, compensated by slow switching

later on: this can be seen from the three switching signals depicted in Fig. 3.2. Then,

Table 3.2: Total RMS and transient RMS errors for the six switching laws (the transient RMS error is calculated
for one second after each switching).

DT ADT MDDT MDADT MMDDT MMDADT

Total RMS error
Method in [158] 0.1295 0.1257 0.1172 0.1116 0.1369 0.1353
Proposed method 0.1153 0.1123 0.0895 0.0876 0.1195 0.1176
Improvement 11.0% 10.7%  23.6% 21.5% 12.7% 13.1%

Transient RMS error

Method in [158] 0.1904 0.1893 0.1930 0.1938 0.2009 0.1520
Proposed method 0.1085 0.0785 0.1398 0.1382 0.1293 0.0820
Improvement 43.0% 58.6% 27.6% 28.7% 35.7% 46.1%

we consider for the proposed adaptation laws (3.9) the same design parameters as [158],
i.e. the adaptive gains S; = Sp = S3 = 10144, and the leakage rates 6, = 62 = 63 = 0.05.
What is left to design in (3.9) are the parameters for (3.9c) which are selected as follows:
Eiﬁ = O.l,ﬁig =2fori= 1,2,3,4.

The initial conditions are x(0)=[0 0 0]7,x, =12 2 17, K, (0) = 0.8K,,,Ly(0) =
0.8L},, the disturbance is d(#) = [0.2sin(107) 0.15¢™" 0.1cos(w )7, and the reference
inputis r(f) = [2sin(¢) cos(t) 0.5sin(0.5¢) 0]7.

The comparisons in terms of tracking errors are depicted in Fig. 3.3-3.5, for the three
switching signals of Fig. 3.1 and in Fig. 3.6-3.8 for the three switching signals of Fig. 3.2
(the upper plots are the tracking errors for the approach in [158], the lower plots are the
tracking errors for the proposed approach). From the lower plots of each figure, it is no-
ticeable that the learning transients of the proposed methods are considerably reduced,
in contrast with the method of [158]. This confirms that the bad effects of vanishing gains
are alleviated. On the other hand, it has to be acknowledged that the learning transients
are not completely removed because the adaptive gain I'; evolves during inactive times.
However, the intuition of Remark 3.5 is confirmed, i.e. the feedforward term I'; has less
effect on the transient performance than the feedback gain K in [158].

The performance improvements are quantified in Table 3.2 and visualized in Fig. 3.9,



32 3. ROBUST ADAPTIVE CONTROL OF UNCERTAIN SWITCHED LINEAR SYSTEMS

which show that not only the total Root Mean Square (RMS) error is reduced, but espe-
cially the transient RMS error is significantly reduced. The transient RMS error is calcu-
lated for one second after each switching, as a way to measure the learning transients.
The table shows that the improvement in terms of transient is much more pronounced
than the improvement over the whole simulation: notice how the transient improve-
ments range in 27%-58%, depending on the switching signal.

Table 3.3: Total RMS and transient RMS errors for the six switching laws with alternative leakage term (the
transient RMS error is calculated for one second after each switching).

DT ADT MDDT MDADT MMDDT MMDADT

Total RMS error
Method in [158] 0.0997 0.0990 0.0796  0.0776 0.1018 0.0998
Proposed method  0.0952 0.0961 0.0605  0.0620 0.0971 0.0960
Improvement 4.5% 2.9% 24.0% 20.0% 4.6% 3.8%
Transient RMS error
Method in [158] 0.1738 0.1564 0.1364 0.1320 0.1437 0.0871
Proposed method  0.0794 0.0285 0.0787  0.0793 0.0907 0.0556
Improvement 543% 81.8% 42.3% 39.9% 36.9% 36.2%

3.5.3. ADDITIONAL COMPARISONS

To further elaborate on the consistency of the proposed result, we test a different leakage
action, i.e. we test the proposed adaptive laws (3.9) against the state-of-the-art adaptive
laws (3.11), where the terms 6, M, and 6 My are replaced with 6, and 6, respectively.
This leakage action represents the case when M), is unknown and thus cannot be used
for control design. All the other parameters are left unchanged. The results are sum-
marized in Table 3.3 and visualized in Fig. 3.10: again, consistent improvements can
be noticed. The improvements in terms of total RMS error are sometimes smaller than
before, while transient improvements range in 36%-82%, depending on the switching
signal.

3.6. CONCLUDING REMARKS

This chapter has illustrated a new adaptive framework based on the leakage mechanism
for robust control of uncertain switched linear systems. Owing to the introduction of an
auxiliary gain, the proposed framework allows the adaptive gains of the inactive subsys-
tems to keep the same values as they are switched-off: this is in clear contrast with the
state of the art where the control gains of the inactive subsystems should vanish during
inactive periods. This innovation significantly reduces the learning transient at switched
on instants for various families of dwell-time based switching signals (and their exten-
sions).
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Figure 3.3: Tracking error for DT switching law.
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Figure 3.4: Tracking error for MDDT switching law.



34

3. ROBUST ADAPTIVE CONTROL OF UNCERTAIN SWITCHED LINEAR SYSTEMS
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Figure 3.5: Tracking error for MMDDT switching law.
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3 Tracking error with MDADT for the leakage mechanism [31].
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Figure 3.7: Tracking error for MDADT switching law.
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ROBUST ADAPTIVE CONTROL OF
SWITCHED INTERCONNECTED
POWER SYSTEMS

Multi-area load frequency control (LFC) is a typical example showing the need for
adaptive control for interconnected systems. Multi-area LFC selects and controls a few
generators in each area of a power system in an effort to dampen inter-area frequency
oscillations. To effectively dampen such oscillations, it is required to enhance and lower
the control activity dynamically during operation, so as to adapt to changing circum-
stances. Changing circumstances should cover not only parametric uncertainties and
unmodelled dynamics (e.g. aggregated area dynamics and bus dynamics), but also the
increasing structural flexibility of modern power systems (e.g. protection mechanisms
against faults and cyber-attacks, or topology reconfiguration mechanisms for demand
response). As formal stability guarantees around such an attractive adaptive multi-area
LFC concept are still lacking, we propose a new framework in which adaptation and
switching are combined in a provably stable way to handle parametric uncertainty, un-
modelled dynamics, and dynamical interconnections of the power system. Stability is
studied in the Lyapunov theory sense using the standard structure-preserving modeling
approach, and the resulting adaptive multi-area LFC design is validated using an IEEE
39-bus benchmark.

4.1. INTRODUCTION

In multi-area LFC, uncertainties naturally arise since the system parameters must be ag-
gregated into equivalent time constants and coefficients, representing the dynamics at
the area level [27,48, 115, 145]. The aggregation of dynamics creates the need to han-
dle both parametric uncertainties and unmodelled dynamics, which are challenging for

This chapter is based on [133]

37
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fixed-gain control [6, 10, 121]. Especially, adaptive solutions should be sought, where
the controller is not fixed-gain, but capable of adapting to changing circumstances. Due
to their increased flexible structure, modern power systems operate in several modes,
making it impossible for a unique controller to tackle all operating conditions [1, 33, 58].
Switched controllers should be proposed as a way to handle structural changes in the
system, by rapidly switching among different control configurations.

The combination of adaptation and switching can result in a framework where the
multi-area LFC control gains can change continuously to adapt to parametric uncer-
tainty, and discontinuously to adapt to structural changes. Currently, no stable switched
adaptation framework has been proposed to handle nonlinear interconnections in power
systems that change dynamically, which gives rise to the aforementioned
Question 2: how to design an adaptive controller for the multi-area LFC can adapt con-
tinuously to parametric uncertainty and state-dependent unmodelled dynamics, while
discontinuously to structural changes?

The framework is tested using a benchmark IEEE 39-bus power system, divided into
three areas, where all ten generators implement local LFC, but only four out of ten im-
plement the multi-area LFC (one generator for area 1, two for area 2, one for area 3):
therefore, the system presents all the uncertainties resulting from aggregating single in-
ertia/damping terms into equivalent inertia/damping terms. Effective performance is
shown, even as compared to non-adaptive strategies.

The rest of this chapter is organized as follows: Section 4.2 introduces the system
dynamics and problem formulation. The adaptive framework is presented in Section 4.3
with the corresponding stability analysis in 4.4. Simulations are provided in Section 4.5,
with concluding remarks in Section 4.6.

Proportional L ) .
|j8i| Controller B] Droop Controller AP,
i di

Integral Governor Turbine Power

Controller Dynamics Dynamics Dynamics
N x| AE T A T AR K, A,
./ )

&
14T, 14T, T 1457,

AP, AP

v U i

Figure 4.1: Single area power system for LFC purposes.

4.2. PROBLEM FORMULATION
Before introducing a multi-area power system and its dynamics, let us recall the standard
dynamics for a single-area power system, indicated with subscript i (cf. Fig. 4.1).



4.2. PROBLEM FORMULATION 39

Table 4.1: Nomenclature

AP,; Governor valve positions

AP,,; Mechanical power output of the alternators
Af;  Frequency deviations
AE;  Area control error signals

B; Proportional gains of local PI controllers
ki Integral gains of local PI controllers

Tyi Power system time constants

kpi  Power system steady-state gains

Tgi Governor time constants

T.n;  Turbine time constants
R; Speed droops

T; Stiffness coefficients
AP;; Load disturbances
Uu; Input signal

4.,2.1. SINGLE-AREA POWER SYSTEM
The dynamics of a single-area power system can be described as [6, 10,27,48, 115,121,
145]:

TepiAPpmi(f) = APy () = APy (1) (4.1a)
AE;(t) = —kiAP; (1) + ki BiAfi (1) (4.1b)
. Afi(1)
TgilPyi(1) = ———— = APy; (1) — AE; (1) + u; (1) (4.1c)
1
TmAﬁ'([) = —kpiAPdi(t) - kpiAPij(t) + kpiAPmi(t) - Afl'(l') (4.1d)
AB; (1) = Afi (1) (4.1e)

where constants and variables are explained in Table 4.1, and represent equivalent quan-
tities, aggregated at the area level. For example, inertia, damping, and time constants are
equivalent time constants for the area (cf. [6,10,27,48,115,121,145] and the discussion in
Remark 4.3). Note that the proportional and integral gains in (4.1b) represent the gains
of the local (intra-area) LFC. In (4.1), AP;;(t) is a term coming from the interconnection
with neighboring areas (indexed by subscript j), which will be clarified in the next sub-
section. The symbol A represents the deviation from the equilibrium operating point,
resulting from the solution to the power flow (or optimal power flow) equations, giving
the nominal operating point of the power system [39]. The purpose of the control is to
keep the network close to such equilibrium, i.e., keep Af = [Afi,Af,...,Af,]" close to
0, and A@ = [AB},A0,,...,A0,]T close to A8%, where AG9 collects the equilibrium phase
angles resulting from the power flow equations.

4.2.2. MULTI-AREA POWER SYSTEM
To describe the dynamics of a multi-area power network in a compact way, let us intro-
duce some notions of graph theory [15, 20].
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switching signal
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Figure 4.2: Example of switching topologies for a three-area power system. The switching topologies are in-
dexed by a signal o.

A power system is essentially a network of dynamical systems, which are linked to
each other via a communication graph (or physical graph), that describes the allowed in-
formation flow (or the allowed physical interaction). We say that area i has an undirected
connection to area j if the latter can receive information from (or interact with) the for-
mer and vice versa. The graph describing the connection between all areas is defined
by the pair 4 = (¥,8), where 7 = {1,..., N} is the set of nodes (areas), and § =7 x 7 is
the set of edges (pairs of connected areas). As standard in graph theory, we assume the
graph to be connected, i.e., there is a path between every pair of vertices. For a node i,
let us denote with .4; the set of node i is connected to.

For a set of vertices, there might be different possible interconnections or topologies.
As an example, Fig. 4.2 shows a three-area power system where each node denotes one
area, and where four possible connected topologies arise, indexed by o € Q ={1,2,3,4}.

Dynamically changing topologies can be represented by a piecewise constant time-
dependent signal o, called the switching signal (cf. the example in Fig. 4.2). To represent
the evolving topologies, the class of ADT switching signals is considered (cf. Definition
2.2).

Remark 4.1. The class of ADT signals can represent situations in which fast switching
occurs (over short intervals) as a consequence of sudden events (e.g. attacks or faults),
compensated by a slower settlement phase (over long intervals) [132].

Interaction among two interconnected areas i and j occurs via a power flow depend-
ing on the difference between phases [120, 137]. With switching topologies, the set of
neighbors of area i will be time-dependent and denoted by .#4;(;). For examples, in Fig.
4.2, when o = 1 node 1 has 477 = {2}; when o = 2, node 1 has A4, = {2,3} and so on. In
the following, whenever convenient, we will not explicitly write the dependence of o on
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time. Then, the disturbance term AP;; in (4.1d) can be defined as

N

APjjo (1) =2mT; ) sin(A0;(1) - A0 (1)) (4-2)
JeNg D)

APjjo(t) =—APjis (1) “3)

If the j-th area is disconnected from the i-th area, then AP;; »(£) = 0.

4.2.3. STRUCTURE-PRESERVING MODELLING

The structure-preserving (or Kuramoto) model is commonly used to analyze multi-area
power systems [30, 120]. With reference to the dynamics (4.1)-(4.3), a Kuramoto-like
model can be derived by assuming that the generator and turbine time constants Tg;
and T¢p; are much smaller than the power time constant T); (in practice Tg; and Tcp;
are at least 10 times smaller than T); [27]). This leads to

Afi(D)
APpjg (1) = =——— + Uig (1) = AE;s (1) (4.4a)
1
AEiU(I) Z—kiAPijg(t)+kiBiAfi(t) (4.4b)
. kpiAPg;(t)  kpiAP;ig(t) kpiAPmio(t) Afi(t
Afi(t) __lpi di _ fpi ij,o + pi mi,o _ fz( ) (4.4¢0)
Tp,- Tpi Tpi Tpi
N
APijo (D) =21T; Y sin(AB; (1) - AO;(1) (4.4d)
JeNio (1)
AB; (1) = Afi(t) (4.4€)
We then obtain the following switched LFC dynamics:
. 1 kyi N N
Ay (1) = (- =— — =2=)A0; - L-2nT; Y sin(A0; - AB;)
Tpi TpiRi Tpi  jenmm
kpi kpi
— ——(APg;i + AEio (1)) + —— uio (1) (4.5)
Tpi Tpi
For compactness, system (4.5) is represented as
AG(1) = My (AB(1), AO(D) + Lug (1), o(t) € Q (4.6)

i T T . A 3. kpi
with AO =[AB8,AB,,...,A0,]" ,us = U4, U2g,..., Uns]- and with L = d1ag{T—} repre-
pi
senting the equivalent inertia of the power system. In (4.6), M, (A0(1), AO(t)) = H(AD) +
Gy (AB) + d with

. 1 kpi .
HAG) :diag{ T ”;{ }AB,- 4.72)
pi piftj
. N
Gy (AD) =col{ ~PonT; Y sin(A6; - A6 j)} (4.7b)
i jeNig(t)
k .
d :col{ - % (APg; + AEi]} 4.7¢)

pi
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fori=1,...,N, where col{...} means the column vector and diag{...} is the diagonal ma-
trix.
Based on the structure of (4.7), the following property holds:

Property 4.1. There exist h,g,,d € R such that | H(AB)| < hIIAB], |G, (A0)| <8, and
ld(@®)]l < do + d111AB]].

Note that the bound on ||H] is proportional to |A8| thanks to the linear structure
in (4.7a), whereas the bound on | G|l is constant due to the sinusoidal a priori bounded
terms in (4.7b). The term El in the disturbance arise from the phase-dependent AE;,
evaluated by integrating (4.4b).

It is worth mentioning that the exact values of most constants in power systems (cf.
Table 4.1) are difficult to acquire. This implies that the dynamical terms H, G, d are un-
certain and their upper bounds in Property 4.1 are unavailable. To describe uncertainty
in L, let us decompose L = L+ AL into a known (nominal) I. and an unknown AL. The
following assumption on a priori knowledge is made:

Assumption 4.1. Only nominal values (ky;,Tp;) and upper bounds (Akp;, ATy;) around
such nominal values are available. This is described by assuming the existence of a known
scalar J such that for J = (LL™ - ) the following holds

IJl<j<1 (4.8)

Assumption 4.1 is standard in inverse dynamics-based control (cf. [118, 138, 140]),
requiring that uncertainty around the nominal L is not arbitrarily large. Note that when
there is no uncertainty, then L = I and (4.8) is satisfied with J = 0; with more uncertainty,
J tends to grow, and J=1 represents that L = 2L G.e., uncertainty is around 100%). On
the other hand, Assumption 4.1 allows arbitrarily large uncertainty in H, G, d.

Let us define x 2 [AOT AQT]7, considered available as feedback. Using Property 4.1,
M (x) can be upper bounded as:

Mo ()1 < oo + P10l x1l, (4.9)

where ¢ = g, +d, $15 = h+d; (the subscriptin ¢, is used for consistency in notation)
are derived from (4.7), and are finite but unknown scalars according to Assumption 4.1.

The notion of Uniform Ultimate Boundedness (UUB) is the standard stability con-
cept in robust adaptive control (cf. [100, Def. 3] or [52, Def. 3.4.12] for details). This leads
to the LFC problem formulation:

Problem 4.1. Under Assumption 4.1, the aim is to design an adaptive multi-area LFC
controller u, such that can track (in the sense of UUB) a desired constant frequency AQ% =
0 under uncertainty and ADT switching topologies.

The following remarks clarify the distinguishing features and innovations of the pro-
posed problem formulation.

Remark 4.2. Compared to conventional multi-area LFC dynamics, where the linearized
power flow (A0; — AO;) is used, which is valid only for small phases [6, 10,27,48, 115,121,
145], we consider the nonlinear power flow sin(A8; — A8 ;). This makes the dynamics more
rich and the control design more challenging and open in literature.
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Table 4.2: Control variables and parameters

To tracking error variable
Ko linear proportional gain
Koy linear derivative gain
L nominal inertia
£ anti-chattering constant
) ultimate bound parameter
[ overall robust adaptive gain
bi P (Z),-g adaptive gains (active and inactive topologies)
Yip,» Yip  auxiliary gains (active and inacAtive tE)pologies)
a; leakage rate of adaptive gains ¢;p, ;5
Bi leakage rate of auxiliary gain y;p, v
Vip nonlinear leakage of auxiliary gains y;p, v

maximum uncertainty in L

Remark 4.3. The upper bound structure in (4.9) is state-dependent. In multi-area LFC,
state-dependent uncertainties naturally arise since the system parameters must be ag-
gregated into equivalent time constants and coefficients, representing the dynamics at
the area level [27,48, 115, 145]. Bus dynamics are also state-dependent uncertainties ac-
cording to the structure-preserving model [37]. The aggregation of dynamics creates the
need to handle both parametric uncertainties and state-dependent unmodelled dynam-
ics [6,10,121].

4.3. CONTROLLER DESIGN

Let e(f) £ AG(1) — A8%(r) and &(1) £ [eT (1) e (]T. A summary of the control variables

and parameters in this section can be found in Table II. Define a tracking error variable
re£B'PE,  0€Q 4.10)

where P, > 0 is the solution to the Lyapunov equation

AP, +PyAy; =-Qq (4.11)

0 I
_KIU _KZU
user-defined positive definite gain matrices and their positive definiteness guarantees
Ay to be Hurwitz.

The switched multi-area LFC is designed as

for some Qy > 0 with A, £ andB2[0 I " Here, K1, and K», are two

Uy =L ' (~-Kige— Kygé — Auy), (4.122)
o

—’
VirglZ+¢

with € > 0 a small scalar to avoid control chatter and w > 1 a user-defined scalar affecting
the ultimate bound. The design of p, is discussed later. Substituting (4.12a) in (4.5)

Aus =wpg (4.12b)
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yields

é=NA0=M,+ Lug
=My +(LL™' = I)(- Kige — Kogé — Atiy) + (= Kipe — Ko — Aly)
=-Kige—Kagé— (I + ) At + ¥y, (4.13)

where ¥, £ M,, — J(Kj,e + Ky €) is treated as the overall uncertainty. Hence, using As-
sumption 4.1, one can verify the existence of ¢7 € R" i =0,1 such that for all o € Q

IWoll < ¢oy + 1<l (4.14)

where ¢ = Poo + Prollx4l, ¢F, = 1o + 1111 Ko ll + | Kzo ) (based on the fact that x =
AB? + &) are unknown finite scalars. After defining the structures of the upper bound of
I¥Wsll in (4.14), the gain ps in (4.12b) is proposed as

1 N “
Po = T]—{((POU +Y00) + (P10 +Y10)||(f||} (4.15)

where ¢gy, ¢1, are the estimates of the upper bounds P55 P14 and Yoo, Y10 are auxil-
iary gains.

The main idea of switching structure (4.12) is that a different control action is acti-
vated depending on the active topology. Let p denote the index of the active topology
for ¢ € [t;, t;11), and let #(p) = Q\{p} denote the set of inactive topologies. The gains in
(4.15) are evaluated using the following laws:

Gip = IrplIEN = @ipip, Tip=0, (4.16a)
$ip=0, Vip=— (ﬁii +Vii(i)?§) Yip+BipVip YPEI(P) (4.16b)
with ¢;(0) >0, y;50) > v;5, (4.160)

al-p>(p/2,ﬁ,-5>(g/2. (4.16d)

where aip,ﬁiﬁ,vif,vig € R*, i = 0,1 are static design scalars. Note that qi),-g is only up-
dated for the active topology p, while the gain y;, is updated only for inactive topologies
P. The first term in ¢; p adjusts the gain according to the current error, whereas the sec-
ond term in ¢; p and the first term in y ;5 are stabilizing leakage factors (cf. the derivations
in the proof of Theorem 4.1 (4.25), (4.29), (4.32)-(4.33)).

Using the framework of ADT, we can define the set of dynamically-changing topology
variations that can be tolerated by controller (4.12), (4.15), (4.16) without losing stability.
To this purpose, let us define { £ max,cq Amax(Pp) and { £ minpeq Amin(Pp). Following
Definition 2.2 of ADT, the switching law condition to guarantee stability is proposed as

I9>Inp/x, (4.17)

where u = f/{m > 1; x is a scalar defined as 0 < k <{ where {, £ Amin(Qp)/ Amax(Pp) and

{ £ minpeally}.
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Table 4.2 explains the meaning of control variables and parameters and Algorithm 1
summarizes the design steps to be followed to implement the proposed adaptive control
framework. The following stability result is given in the context of Lyapunov theory [52],
while the stability proof in Section 4.4 clarifies how the design (4.12), (4.15), (4.16) and
(4.17) was obtained.

4.4, STABILITY ANALYSIS

Theorem 4.1. Under Property 4.1 and Assumption 4.1, the closed-loop trajectories (in-
cluding the tracking error) of power system (4.5) employing multi-area LFC (4.12) and
(4.15) with adaptive law (4.16) and ADT switching law (4.17) are UUB.

Proof. Stability is analyzed using the Lyapunov function V defined by

D=

1 N 1
V(D) =& (0P + ZZ{(pmm ¢1,) +73, 0}, (4.18)
p=1i=0

The following error dynamics is obtained from (4.13):
E=Agé+ B[Py — I+ DAug) (4.19)

We first investigate the behavior of V' at the switching instants. Let subsystem o (z,, )
be active when t € [¢;, t;41) and subsystem o (f;,1) is active when ¢ € [#;41, 742). At the
switching instant #;,,, we have before switching

N 1
Vi) =5 Lot () Pot )€, ) + ZIZ[(dnp(ffﬂ)—¢?p)2+ﬁp(tf+1)],
p=1i=0

N =

I+1

and after switching

V(t1+1)=—f (l‘l+1)Pa(n+1)f(tl+1)+2 > Z[(/le(rm) RS EACIIE
p=li=

In accordance with the continuity of the tracking error ¢ in (4.19) and of the gains ¢;,
and ;g in (4.16), wehave £ (2, ) = ¢(1141), (Pip(t),)=¢;) = (Pip(tis)—=¢;) and yip (4,

=Yip(t141). Further, since &7 (1) Py (& (1) < (& ()E(r) and €T (1) Py &(1) = (T (1)E (1), one
has

(¢ (-
V(te) =Vt ) € —— 27 =&t ) Po )f(fl+1)ST

= V(t11) < pV(t,), (4.21)

1~

vt (4.20)

1+1

The behavior of V(f) between two consecutive switching instants, i.e., when t € [, £741)
is studied subsequently. Without the loss of generality, the closed-loop stability is ana-
lyzed by taking p = o (¢, ,) as an active system.
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Using (4.10), (4.19) and the Lyapunov equation Ag Py +Ps Ay = —Qg, the time deriva-
tive of (4.18) yields

T ||ra(t;+l)||2
V(t)<——5 (DQory, 6O+ 1Woiiy HllToq;, HIl = (1= ])Pa(r o

o o )12 +e
N 1 . :
+) ) {(dn-p(t) —¢7,)Pip(0) +y,~p(t)y',-p(t)}. 4.22)
p=1i=0

For the ease of analysis, we define a region such that

ol € 4
z|rgll=lroll = =

— = = >
Virel?+e w=—1

with w > 1 a user defined scalar. We analyse the behavior of the Lyapunov function for
the two scenarios:
S1: 7]l = ¢ and S2: |74 < ¢. R
Scenario S1: It can be observed from the adaptive law (4.16) that the gains ¢; and
Yip remain constant during inactive and active intervals, respectively. Utilizing these
observations and the upper bound structure (4.14) of uncertainty, (4.22) becomes

. (4.23)

. 1
V(D) == 2 (0ot pE0 = [ (Booter = Doy, ) + (Broter, = i, )IEN 1ot

1
Z bip(D) -7, )iy + Y Zy,,,(t)y,,,(t) (4.24)
i=0 pef(p)i=0

Using the adaptive law (4.16a) we have for p =0 (z,, )

1

Z(;blp ,p lep [((POU(tlH (ng(tl ) (lea(z,‘l+1 gbikg([l_+l))||€||]||r0'(tl_+1)||

i=0

—

+ 3 (@ipdipd], — aipd?,)- (4.25)

Similarly, the adaptive law (4.16b) leads to

YipYip =— (ﬁiﬁ + Viﬁ(ﬁ?ﬁ) Y?y +BipVipYip- (4.26)

Investigating the adaptive laws (4.16a)-(4.16b) and the initial gain conditions (4.16¢), it
can be verified that there exists a positive fixed scalar yiﬁsuch that

Pip(t) = 0and y;3(1) y,;>0 V=0, (4.27)

From (4.27) we have y;; = yiﬁ V't = 0. Applying this relation to the second term of (4.26)
yields

YipYip =— ﬁiﬁﬁg - Z?ﬁviﬁ(ﬁ?p +BipVipYip- (4.28)
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The following simplification can be made:

o Cpa A 5 4
2= 54 SPio oo (24,20 6
“YVirbip T 5 Pip = _Zifv“’((piﬁ i ey )

4Ziﬁviﬁ
(s oo, 5
2 2 p p
==Y Vip($% - ) + (4.29)
ip 4L_ﬁvl,[J 16}_/1?1/”,
Substituting (4.25), (4.28) and (4.29) into (4.24) yields
1
Vi) <- Amm(qum))||f(t)||2 +3 (aipin(9], - aipd?, o)
¢ 2
v Y Y (Bovipre ~BisVis =5 et e =) (4.30)
N L AT
Since ([)ip =0 by (4.27), the Lyapunov function (4.18) satisfies
1 * 2
V< S Amax(Po) €11 + Z Z G, 07, +15,)- 4.31)

pll

From the definitions of {,{, a;p, ﬁ,-g and using (4.31), the condition (4.30) is further sim-
plified to

. P, . ¢
Vi) =-LVin+ Z (aipdin(097, - @ipd?, (1) + 2y;)

N 1 (p (2
+ ry + BizvipYip(t) — ,Bz Yl (1) + —_ (4.32)
l;l;) 2 pe%z(p)zz: ( priplip pPlip 167’2 'ﬁ)

where @;, £ (@ip— %’”) > 0 and ﬁ_iﬁ £ (ﬁig - %i) > 0. Again, the following simplification
is made

* \2 * 2
R aip(pl'p) N (a’ip(pbip) 4.33)

A " o _
AinDind* —ai b =—a; R
lP(vblPd’tp lp(rbtp p (¢1P Zdip 4dip

It can be noted from the adaptive laws (4.16) that y;; decreases for the inactive systems
and remains unchanged for the active one. Coupled with the fact y;, = yip Vt=0, it

is concluded that y;, € L, Vp € Q. Then there exists 7;, € R* such that y;,(f) < 7;p.
Using 0 < x < ¢, (4.33), V(2) in (4.32) simplifies to

V) s—xV() - -V +6+62, (4.34)

where ¢ £ ZN IZl -0 zéb;kpz Zpey(p)Z, -0 ,Blszlep“‘(p/(lGVl]ﬂY )| and

aip(p,‘ {p -
G2 ézl ( 4@[.:) + %Y?p
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Scenario S2: In this scenario we have ||| < ¢. Therefore,

. T - ITow;, ) 12
V(t) == 172)8" () Qo7 ps(6) =1 = Npos;, @

/ N
70w, plI°+e

1 . 1
+[050 + 118N Iro )1+ X (Bip (0= 07, )bin(+ X Y yip(iip(n)
i=0 pef(p)i=0

1
< =57 (0Qot1;, 60 + (935 + Pio 1€ 1oy,

1 . 1
> (Bip(D) =i, )pip(t) + Y Y rip(07ip@). (4.35)
i=0 peg(p)i=0

Then, following similar lines as in Scenario S1, we have
V(@0) s=xV(0) = €=V D) +[poo + Pro IS Toe;, Il +6 + 62, (4.36)

From (4.10) one has ||7]l < ¢ = [€|l € £» and consequently, the adaptive law (4.16a)
implies 7], I§]l € Zoo = Pip(t) € Loo. Therefore, there exists ¢; € R* such that qu,p <
¢1, Vo € Qwhen |75 < ¢. Hence, replacing this relation in (4.36) yields

V()= —xV(t) = - V() +@c1+¢+¢a. (4.37)
Further, combining (4.34) and (4.37) we define the scalar
%é<ﬂ€'1+€+§2 (4.38)
¢-x) '

From the two scenarios S1 and S2, it can be concluded that V(f) < —x V(t) when V (f) =
2. In light of this, further analysis is needed to observe the behavior of V()

(i) when V(1) = %8, we have V () < —x V (¢) from (4.34) implying exponential decrease
of V(1);

(ii) when V(#) < 98, V(¢) may increase.

Such behavior can be analyzed along the lines of [47,100], and eventually leads to the
bound

V(1) < max{cV(0),cu}, Vt=0. (4.39)
Again, the definition of the Lyapunov function (4.18) yields
V(0) = (1/2)Amin(Po) IE1° = & 12)I11°. (4.40)
Using (4.39) and (4.40) we have
I€11* < (2/{) max{cV(0), cudB}, Vi=0. (4.41)

Therefore, using the expression of % from (4.31), an ultimate bound b on the tracking
error ¢ can be found as

2 No+1) +c+
b:\j ¢ (pc1+c+¢2) 4.42)

S (S5
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4.5, SIMULATION EXAMPLE

The effectiveness of the proposed LFC design is tested using the IEEE 39 bus system [6].
To implement the multi-area LFC, the system is divided into three areas (cf. Fig. 4.3).
Tie lines between buses 2 and 3, and buses 17 and 27 connect areas 1 and 2; tie lines
between buses 5 and 8, and buses 7 and 8 connect areas 2 and 3, and a tie line between
buses 1 and 2 connects areas 1 and 3. While all ten generators are equipped with a local
LFC, only a few (four) generators implement the multi-area LFC to dampen oscillation
among areas: the generator connected to bus 37 is responsible for multi-area LFC in area
1; the generators connected to buses 32 and 36 are responsible in equal percentage for
multi-area LFC in area 2; the generator connected to bus 39 is responsible for multi-area
LFC in area 3. This setting is consistent with [6].

Bus 26 Bus 28

Area 3

Figure 4.3: Benchmark IEEE 39-bus system divided into three areas. All ten generators implement local (intra-
area) LFC, while four generators (indicated in yellow) additionally implement multi-area LFC.

4.5.1. DESIGN AND CONSIDERATIONS ON CONTROL DISAGGREGATION

Each generator responsible for multi-area LFC in one area "sees" the area as an aggre-
gated dynamical system (where the aggregated dynamics also include the local LFC dy-
namics and the bus dynamics). The actual parameters of such aggregated dynamical
system are mostly unknown and not available for control design and, in view of Assump-
tion 4.1, the only available knowledge for control design is the inertia parameters of the
generators (cf. Table 4.3). In our test case, only the inertia of generator 37, the aver-
age inertia of generators 32 and 36, and the inertia of generator 39 are used to obtain the
nominal L in (4.12a), according to Algorithm 1. The solutions to the Lyapunov equations
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Algorithm 1 Design and implementation steps of the proposed multi-area LFC

Design Step 1: with A@¢ = 0, obtain the desired phase A8¢ from power flow equations at
the nominal operating point;

Design Step 2: define the tracking error variable as in (4.10) via the Lyapunov equation
(4.11);

Design Step 3: compute the control law u; as in (4.12) and (4.15) with suitable K4, Koy
and w, &;

Design Step 4: design the adaptive laws as in (4.16);

Design Step 5: design the switching law as in (4.17).

Implementation Step 1: for each area i, assign one or more generators for multi-area
LFC; use the inertia of those generators (or their average) to obtain the nominal L in
(4.12a);

Implementation Step 2: define u, = [u14, U2g,. .-, uns1T, where u;y is the control as-
signed to area i;

Implementation Step 3: if only one generator is assigned for multi-area LFC in area i,
assign u;s to that generator; if more generators are assigned for multi-area LFC in area
i, partition u;; among those generators (e.g. in equal proportions).

are

35.0728 0 0 0.2581 0 0
0 35.0728 0 0 0.2581 0

P = 0 0 35.0728 0 0 0.2581
0.2581 0 0 2.0564 0 0
0 0.2581 0 0 2.0564 0

0 0 0.2581 0 0 2.0564 |
32.2954 0 0 0.4753 0 0
0 32.2954 0 0 0.4753 0

P, = 0 0 32.2954 0 0 0.4753
0.4753 0 0 1.8929 0 0
0 0.4753 0 0 1.8929 0

0 0 0.4753 0 0 1.8929 |
48.3565 0 0 0.5694 0 0
0 48.3565 0 0 0.5694 0

Py = 0 0 48.3565 0 0 0.5694
0.5694 0 0 2.8334 0 0
0 0.5694 0 0 2.8334 0

| o 0 0.5694 0 0 2.8334]
[48.5521 0 0 0.8575 0 0
0 97.1043 0 0 0.8575 0

P, = 0 0 97.1043 0 0 0.8575
0.8575 0 0 2.8483 0 0
0 0.8575 0 0 2.8483 0

0 0 0.8575 0 0 2.8483 |
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We further select K}, = 151, K, = 0.8I, where we use the same values for every topol-
ogy. The Lyapunov matrices yield ¢ = 0.2059, p = 25.7588, and, when x = 0.9, the ADT
satisfies In u/x = 17.5316, according to (4.17). This implies that topology can switch up
to every 17.5 seconds on average. The switching law o previously presented in Fig. 4.2 is
adopted in simulations.

Control design parameters are selected as: € =0.1,w = 2, Jj=0.3, aip=0.2, ﬁiﬁ =0.15,
Vig=1v;5=07 with i =0, 1. The initial gains are (ﬁop(O) =0.3, y;5(0) = 25.

Table 4.3: Inertia of generators in IEEE 39-bus system.

0.2653 Inertia of Generator 30
0.1607 Inertia of Generator 31
0.1899 Inertia of Generator 32
0.1517 Inertia of Generator 33
0.1379 Inertia of Generator 34
0.1846 Inertia of Generator 35
0.1401 Inertia of Generator 36
0.1289 Inertia of Generator 37
0.1830 Inertia of Generator 38
0.2228 Inertia of Generator 39
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Figure 4.4: Phase and frequency deviations for all nodes with only local (intra-area) LFC (no multi-area LFC)

4.5.2. SIMULATION RESULTS AND DISCUSSION

To compare and assess the benefits of the proposed multi-area LFC approach, we im-
plement the local LFC (without multi-area LFC), and a standard non-adaptive multi-
area LFC, which is a proportional derivative controller with proportional gain equal to 3
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Figure 4.5: Phase and frequency deviations for all nodes with local (intra-area) LFC and non-adaptive (constant
gain) multi-area LFC.

=
4
E
s W)
P L ‘ . ‘
03 1824 585 75 95 125 200
15— — .
a # |
05" i
7 op—+ — -
g v I [
T-05) q
& _% |
a5l L ‘ . ‘
03 1824 565 75 95 125 200

time

Figure 4.6: Phase and frequency deviations for all nodes with local (intra-area) LFC and adaptive (proposed)
multi-area LFC.
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Figure 4.7: Adaptive gains ¢ p (blue line) and ¢ p (red line) for each topology.
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Figure 4.8: Adaptive gains 7o (blue line) and 71 (red line) for each topology.
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Table 4.4: Error deviation norms for non-adaptive and adaptive multi-area LFC, with improvements reported
as compared to the only-local LFC scenario (without multi-area LFC).

Norm of Norm of

Phase Frequency
Deviation  Deviation
Only-Local LFC 226.06 85.35
() ()
Non-adaptive Multi-area LFC 219.35 70.86
(-3.05%) (-20.45%)
Adaptive (proposed) Multi-area 192.01 53.27

(-17.73%)  (-60.22%)

and derivative gain equal to 30 (these gains have been tuned to provide the best perfor-
mance).

The performance of the three approaches (only local LFC, non-adaptive multi-area
LFC, and adaptive multi-area LFC) are reported in Table 4.4 in terms of the norm of phase
deviations and norm of frequency deviations. Because synchronization of a power sys-
tem to a constant frequency implies a rotation with a linearly increasing phase (the phase
being the integral of the frequency), we use bus 9 as a rotating reference [81]. By this, we
can evaluate the frequency deviation, and compare the phase deviation with the desired
equilibrium phase resulting from the solution to the optimal power flow equilibrium.
The percentage improvements in Table 4.4 show that the proposed adaptive multi-area
LEC outperforms the non-adaptive multi-area LFC approach almost six times in terms
of phase deviations (-3.05% vs -17.73%) and almost three times in terms of frequency
deviations (-20.45% vs -60.22%). This implies reduced frequency oscillations and the
smallest deviations from the optimal power flow phase.

The evolution of phase deviations and frequency deviations are reported in Fig. 4.4
for the local LFC approach, in Fig. 4.5 for non-adaptive multi-area LFC approach, and in
Fig. 4.6 for the proposed adaptive multi-area LFC approach. In these figures, all phase
deviations are bounded, transients occur due to topology changes at the switching in-
stants in Fig. 4.2, and the size of the oscillations are also influenced by the generator
parameters and the load.

Finally, Flg 4.7 and Fig. 4.8 illustrate the adaptlve gains for active and inactive
topologies (</>,,,, (plp, Yip and y;p, i = 0,1). The gams gb,,, remain constant when the
corresponding topology is inactive, while the gains ¢; p adapt when the corresponding
topology is activated. On the other hand, the gains y;5 adapt when the corresponding
topology is inactive, while the gains y;;, remain constant when the corresponding topol-
ogy is activated.

Therefore, all gains automatically adapt or remain constant in order to obtain stabil-
ity for any topology. This shows the adaptation capabilities of the proposed framework.
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4.6. CONCLUDING REMARKS

This chapter has developed a switched adaptation framework for multi-area LFC based
on nonlinear structure-preserving (Kuramoto) dynamics with state-dependent uncer-
tainty. In this modeling framework, which provides a more rich description of uncer-
tainties typically considered in multi-area LFC, stable self-reconfiguration was proven
using Lyapunov theory in the presence of changing topologies among multi-area power
systems.







DISTRIBUTED ADAPTIVE
SYNCHRONIZATION IN
EULER-LAGRANGE NETWORKS

This chapter discusses a new practical synchronization protocol for multiple Euler-
Lagra-nge systems without structural linear-in-the-parameters (LIP) knowledge of the
uncertainty and where the agents can be interconnected before the control design by un-
known state-dependent interconnection terms. This setting is meant to overcome two
standard a priori assumptions in the literature concerning uncertainty with LIP struc-
ture and the absence of interaction among agents before designing the synchronization
protocol. To overcome these assumptions, we propose an adaptive distributed con-
trol mechanism having the purpose of estimating the coefficients of the resulting state-
dependent uncertainty structure. Stability analysis and numerical validations are pre-
sented.

5.1. INTRODUCTION

Motivated by the advances in multi-agent systems, the problem of controlling a single
Euler-Lagrange system to track desired trajectories [89, 102, 116] has been recently ac-
companied by the problem of controlling multiple Euler-Lagrange systems [129, 144] to-
ward a common behavior. Euler-Lagrange dynamics can describe the motion of various
mechanical systems [13, 103], robotic manipulators [59, 79], aerospace systems [25], and
many more.

Crucial aspects worth considering in uncertain Euler-Lagrange systems include the a
priori assumptions on the uncertainty: a typical assumption is the linear-in-the-parame-
ters (LIP) structure [31, 64], which however is rarely met in practical situations. An-
other crucial aspect worth considering in multiple uncertain Euler-Lagrange systems

This chapter is based on the submitted paper [135]

57
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includes the assumptions made on the a priori structure of the interaction, i.e. how the
Euler-Lagrange systems interact before the control design. In most literature on multi-
ple Euler-Lagrange systems [12,51, 171], interconnections between agents are assumed
nonexistent before the control design. Therefore, most approaches rely on two impor-
tant a priori assumptions concerning uncertainty with LIP structure and the absence of
interaction among agents before protocol design, which motivates the aforementioned
Question 3: How to design an adaptive distributed design for Euler-Lagrange agents in
the presence of state-dependent uncertainty and interaction terms while overcoming the
restrictive assumptions of the state of the art?

To answer this question, firstly, we consider state-dependent uncertainty (not nec-
essarily LIP). Then, differently from the standard literature, we consider that the inter-
action terms among agents exist before the control design, which are also state-dep-
endent. In summarizing, the work presented in this chapter addresses and solves the
leader-following synchronization for multiple uncertain Euler-Lagrange systems with
state-dependent uncertainty and without a priori bounded interconnections. As a result
of removing the a priori bounded structure [104], we must seek for practical synchro-
nization (cf. Definition 2.8) instead of asymptotic synchronization (cf. Definition 2.7).
To address the presence of state-dependent uncertainty and uncertain state-dependent
interconnections, we propose an adaptive distributed control mechanism having the
purpose of estimating the coefficients of the resulting uncertainty structure.

The rest of the chapter is organized as follows: the synchronization problem is for-
mulated in Section 5.2. Adaptive synchronization laws are given in Section 5.3, with Lya-
punov stability analysis in Section 5.4. Simulations are in Section 5.5, with concluding
remarks in Section 5.6.

5.2. PROBLEM FORMULATION
Leteach node i = 1,..., N be represented by Euler-Lagrange dynamics (in the following,
we may remove time dependency for brevity):

M;(qi(0)gi (1) + Ci(qi(8),qi () qi(t) + Gi(qi (1)
+ Fi(Gi(1) + Hi(e; (1), é; (1) + d; (t) = 7;(1) (6.1)

where ¢, g, §; € R" are the generalized coordinates and their derivatives, and 7; € R” is
the control input. The system dynamics (5.1) comprise the mass/inertia matrix M;(q;),
the centripetal term C;(g;, g;), the gravity term G;(g;), the friction term F;(g;), and an
external bounded disturbance ||d;| < d; VYt (with possibly unknown d;). In addition,
(5.1) includes an interconnection term H;(e;, é;) depending on the local synchronization
error e; € R™ and its derivative é; € R":

ei= Y., aij(qi—q;)+Dbi(qi— o) (5.22)
jek

éi= Y. aij(gi—d;)+bi(qi— do) (5.2b)
jek

where qo, go € R" represent the state of the leader and its derivative, and .#; denotes
the neighboring set of agent i. As common in Euler-Lagrange literature, we consider
lgoll < Go, lldoll < go [73, 78]. We take gy, go as unknown constants.
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Remark 5.1 (Interconnection before the control design). The dynamics in (5.1) depart
from considering a priori disconnected dynamics, i.e. when the dynamics of each agent
i are unaffected by neighboring states qj, q; before the control design [3, 12, 18,51, 72, 78,
171]. On the other hand, the terms H;(e;, é;) in (5.1) are active even before the control
design. These interconnection terms, which cannot be designed and cannot be bounded a
priori (cf. Property 5.4), require a new design that is not available in the literature.

The following properties for the dynamic terms in (5.1) are taken or further extended
from standard and recent Euler-Lagrange literature [125, 161]:

Property 5.1. There exist i, §i, fi € RY such that |Ci(qi, Gl < &llgill, 1Gi(g)l <
g, IFi (gl < fillgill.

Property 5.2. The matrix M;(q;) is symmetric and uniformly positive definite in q;: there
exist positive constants m and m such that0 < mI, < M;(q;) < ml,, Vq;,Vi.

Property 5.3. The matrix M;(q;) — 2C;(q;, q;) is skew symmetric, i.e. for any non-zero
vector s, we have s” (M;(q;) —2Ci(qi,Gi))s = 0.

I_’ropertyEEA. Theregxisti_lu, hoi, hsi, hai, hsi € RY such that || H;(e;, é;)|l < hy+hoille; |+
hsilléill + haillei I + hs;llé:11°.

All the constants in Properties 5.1, 5.2 and 5.4 are possibly unknown for the con-
trol design. In Property 5.4 we take the interconnection term H;(e;, ;) with a quadratic
upper bound. This is a natural choice in view of the fact that the other forces stemming
from centripetal, gravity, or friction terms in Property 5.1, have linear or quadratic upper
bounds.

As we will assume the presence of a directed spanning tree in the graph as in As-
sumption 2.1, we will make use of Lemma 2.2 for stability analysis.

Remark 5.2 (No structural knowledge). In Properties 5.1-5.4, no assumption is made on
the LIP structure of the dynamic terms, which marks another difference with standard
Euler-Lagrange literature, since general friction terms are not in LIP form [76, 161]. The
price to be paid as shown in [104, 161], is that practical synchronization (cf. Definition
2.8) must be sought in place of asymptotic synchronization (cf. Definition 2.7). That is, the
synchronization error in this chapter will converge to a small uniformly ultimate bound
around zero instead of asymptotically converge to zero.

Problem 5.1. Under Assumption 2.1 and Properties 5.1-5.4, the adaptive synchroniza-
tion problem is to design a distributed adaptive law for the Euler-Lagrange network (5.1)
that guarantees the local synchronization error e to be UUB, cf. Definition 2.6 (this im-
plies the global synchronization error 6 being UUB, cf. Lemma 2.2).

5.3. CONTROLLER DESIGN

The controller design requires a preliminary step concerning uncertainty analysis, as
explained hereafter.
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5.3.1. UNCERTAINTY ANALYSIS
First, we rewrite (5.1) as

M;gi = Qi(qi, qi ei, ;) +T; (5.3)

where Q;(q;, §i,e;, é;) = —Ci(qi,4:)q4; — Gi(q;) — Fi(4;) — H;(e;, €;) — d;. Using Property
5.1, we have

1Qi(qi, Gi, ei, el < (& +d; + huy) + fill gl + €:ll G 11*
+hoille;ll + haillé; 1l + haglle; |1 + hsillé;11 (5.4)
We define a filtered tracking error
ri=é +Pie; (5.5)

with P; € R"*" a designed positive definite diagonal matrix.
Let us define &; = [e],é7,q],4]1". The control mechanism using local information
is designed as

1;=-Kir;—7; - K;P; 'e; (5.6a)

£ = wpi——— (5.6b)
Virill® +e

pi=00i + 0111511+ Oai 11 + 4 (5.6¢)

where K; € R"*" is a designed positive definite matrix, K; € R"*" is a designed positive
definite diagonal matrix, w > 1, ¢ are user-defined scalars, and Boi, 011, 0; are adaptive
parameters to be designed later.

The dynamics of é; can be calculated as

é;=aig;— Z aijgj—bido (5.7)
jeNi

where d; =b; + ¥ a;j>0.
jeN:
We multiply (5.7) with aL,M i, and then add and subtract e;, and use (5.3) to obtain
. .. aij _ | ..
—M;é; = Midi— Y —=(M;M;" )M — —M;b;djo
a; jen; Gi ai;
=—Kiri —KiP; e —Ti+ Y. AjjTj+Aj (5.8)
jeHM

where A;; = % (M,-Mj‘l), and A;; is treated as an uncertainty term of agent i and agent
. i
Jj:

. . 1 .. . )
Aijé [Qi(ch'yﬂh'rei,ei)_gMibiCIO_ Y Aij[Qj(qj, qj.ej,€é)—Kjrj] (5.9)
i jeh
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According to (5.5), we have

1 1 1
—M;é; = —M;i; - —M,;P;é; (5.10)
ai; ai; ai;

Substituting (5.10) into (5.8), we get the dynamics of r;:
1. = _ - Cir;
V—M,-rl-z—K,-rl-—KiPl. e —T;+ Z A,‘jTj-i-Al'j—v— (5.11)
i jeA; di

where Aij =A;5+ %M,‘Piéi + %Ci Ti.

From the definition of ¢;, it is implied that |le;|| < |€; 1l and [|é;1l < &1, lg:ll < 1€;l
and [|g;ll = II¢;]l. From (5.5), we can write ||r;[| < (1 + | P;DII¢;]l. The following bound of
the uncertainty || A; jll can be obtained:

I1Aij1l < (Gi +di + ) + fil Gill + € Gill* + hoillei || + hsilléill + haille; |1* + hs;llé;1*

+ Y al,[(g]+dj+h1,)+f,||q,||+c,||q]u +hajllej ke Fisjlle; e ajlles % sl 112
JEN;

+) ajll Kl (L +1P; |I)I|<f,||+ IIM |I|Iqo|I+—|IP 1M |III§,||+a—(1+||P iIDIE:
JEN;

<05+ 051+ 05 1E07+ Y <p1,||£,||+z @311 (5.12)
jeN jeN

where a;; = | A, 65; = (8 +di +h1l)+ Z [a,](g]+d +h1]]+ o, 0} = hoi+ h3i +

fi+ ZIPIM; I+ A+ 1P 1), 65, = h41 + hs; +Ci ;= aijlhoj+ hsj + fj + 1K1+
I1P;1], ¢;; = aij(haj+hsj+Cj).

Note that ||A;;| can be bounded by a constant thanks to the uniform bounds for
the mass matrix in Property 5.2. Also, 9&,9;,0* ,(p;‘j,(pé‘j are all unknown constants
according to Properties 5.1 and 5

5.3.2. ADAPTIVE SYNCHRONIZATION LAWS

According to the structure of the upper bounds of A; j in (5.12), the adaptive laws for
(5.6¢) are designed as:

ém‘ = |I7ill - aofo; (5.13a)
O1; = il Il - O (5.13b)
B2 = IrilI1E11% — a2 (5.13¢)
yi=—(o+erl&ill” —eallEi1°)yi + B (5.13d)
where 0;(0) > 0,0;;(0) > 0,0,;(0) >0,y;(0) >0 (5.13€)

€0,€1,€2, @, B ERT (5.13f)

with the inequalities

ep=1+e€,€61 =269 (5.13g)
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5.4. STABILITY ANALYSIS

Theorem 5.1. Under Assumption 2.1 and Properties 5.1-5.4, the closed-loop trajectories
of (5.1) employing control law (5.6) and adaptive law (5.13) are UUB with the following
ultimate bound on the local synchronization error e:

2y
mln}me(Kl 1)({ K)

U= (5.14)

+ Z Lii ; K is a scalar satisfying 0 < x < { with
i=1 Li

where y = Y. -t 5t
i=1
_ min {A(Ky), A(Ky), ao/2, 1/2, a2/2}

max{m/2a, \(K; P;1)/2}

N(aoegiz “19;}2 “262:)

, Where @ = min{a;}.
ieQ

Proof. Construct a Lyapunov function defined by:

N

V(=1 Y (ViriT(r)M,-(t)r,-(t) +e] (DK P ei(1)
2ia\ai

1N (. A A 2yi(t
+§Z{(em(r)—eg,.)2+(9u(t)—efi)2+(02i(t)—0;i)2+ V’”}. (5.15)

i=1 =i

Note that (5.13d) has a stable linear time-varying structure in the variable y; thanks to
the inequalities (5.13g), since

a) for [[€] = 1: According to €; = €2, we have e [|€]7 —e2[€]1° = e (€17 - 1€1°) = 0
Thus, according to €y = 1 + €, and €, > 0, we obtain

7 5
eo+erlél —ellél®>zep=z1+e2>1

b) for ||| < 1: According to €g = 1 +¢€2, we have eg—egllfll5 > 1+€2(1— ||£||5) > 1. Thus,
according to €; > 0, we obtain

5 7
eo—e2lSI” +erligl® > 1.

Then, g — 2 IE)1° + €1 I€]7 > 1 always holds, i.e. the system in (5.13d) can be seen as a
stable linear time-varying system.

Based on the linear time-varying structure of (5.13d), the positive input §; and posi-
tive initial condition (5.13¢), Based on the adaptive laws (5.13a)-(5.13d) and initial con-
ditions (5.13e), it can be verified that él,(t) =0,1=0127yit) =y Y >0Vt=tfora
positive scalar Y, The above condition will be used in the subsequent stability analysis.

The proof is orgamzed as follows: first, we calculate the time derivative of the Lya-
punov function. Then, based on the structure of (5.6b), we study the behavior of the
Lyapunov function under the three possible scenarios:

lIr:1I? . .
1) w——=—— =|r;| forall i;

Viril2+e
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2 )
2) w—Lll < |7l for all i;
Iril?+e

12
3) w—LL > p)fori=1,..k and o—2E— <|r;| fori=k+1,..,N.

Vil +e Viril?+e
Notice that a similar analysis along three scenarios is known in the literature [64]. Finally,
combining the results of these three scenarios, we obtain the ultimate bound on the
local synchronization error e. In subsequent analysis, we omit variable dependency for
compactness. Using (5.5) and (5.11), the time derivative of (5.15) satisfies

V<—Zr K,rl+Zr Ajj— Zr TZ+ZI’ Y AT

i=1 i=1 i=1 JEN;

11 N r
+= Y —rT(M; -2 r,+Z +Z(9,, ell)ell Z Kie;
23 ai i Y, iz i=1

N
=- Z Klrl+z|lr ”"Al]"_ZeTKlel+2‘i{7+2(6h ell)gll}
i

1=0

N el Irill?
+Z{ aijpjw—— —} (5.16)
o1 Ujew; 7 ||2+€ Irll* +e
Combined with (5.11) and (5.12), we obtain the uncertainty structure as
N ) N
Y UrilllAjl < Y- Irill{og, + 05,060 +03;1¢:1%}
i=1 i=1
N
£l X open+ Z 0318717}, (5.17)
i=1 JEN; JEN;
According to (5.5), we have ||r;|| < (1 + | P; D¢ l. Thus, the following two bounds hold:
N N
Z”ri” Z (pfjllfjllf Z Z <PT]-(1+IIPiII)IlfiIIIIijI (5.18)
i=1 JEN; i=1jeN;
N 2o 2
Z”ri” Z q’;jllcfjll SZ Z (p;j(1+||Pi||)||€i||||§j|| (5.19)
i=1 jeN i=1jeN

The bounded-input-bounded-output property of the stable linear time-varying system
(6.27d) with positive constant input §; guarantees that y; € %, i.e. there exists y; € R*
such thaty; < y;. From \/% <1, we get

Ir;

N ”rz””r l N

Bullls
> Sw Z Z aijpjliril
zzljem ,/||r]||2+g i=1jek;

N
(,()Z W{Zduek]llrlllllfjll +at]Y]||rL”} (5.20)

i=1jeN;
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Meanwhile, the fact that the following dynamics éoj = —aoéoj, élj =-a 91]-, ézj = —agégj,
in the adaptive laws (5.13a)-(5.13c) are first-order stable dynamics gives, the standard in-

put/output stability properties [52, Sect. 3.3] gives
0o; =< 00; + 007}l
01501 +01;1r;11E;1
02 <0+ 02517 1111E 1
with éoj,éoj,élj,élj,égj,ézj € R™. This in turn leads to

N N
0Y Y a@ii0xlrilE 1P <0 Y Y a@ij0a;(L+ IPADIENE I

i=1jet; i=ljek;

N
+wy Y a0+ 1PN +IPIDIENIE .

i=jeN;

Similarly, we obtain the overall terms from the neighboring agents j € .A4;:
N 7l

aijpjo———

i=1jeN; VIrjl2+e

N _
<Y ¥ fo;a+12Go;+ 71l
i=1jeN;

il (1651 + 03,0612 |

+ U+ 1P waij@o; (1 + 1P+ 81)) + 3| 1Ea11E
+ A+ 11PN (wai 02 + @3 ) 1€ N1E 1P

+wa; i (L+ P DA+ 1P IDIENIE 1P G +éZj||f,-||2)}.
Using (5.13a)-(5.13c), we have
@ —9;})@” =0y —Gfi)llfilllllri I+ (alélief,- - alélzi)
for!=0,1,2and i =1,---, N. The last term of (5.24) can be rewritten as

;0 - 0;,) .\ a0}
2 2

Similarly, with y;(¢) = Y, > 0, (5.13d) leads to

Yi ()
Y.

1

1
=— [~ teo+erll&il” - eall&i1%)yi + B
Y;

<[ - (o +erléal” —ealéi1) + (Biry) |

(5.21a)
(5.21b)
(5.21¢)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)
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According to (5.17)-(5.26), from (5.16) we have

= A(K)anln2 A(K)Z||e,||2+z Y {waij(1+||Pi||)<éo]-+7,~)||£,-||

i=1 i=1 i=1jeN;

Iril1?
+(L+ 1Pl |wa;j@o; (1 +I1Pj 1) +01 )+ ; [IENE T = Y piv——=
i [ ij\voj J 1j 1]] l J lzll /—Ilr,-||2+8
_ N
+ L+ 1P; I (wai 62 + @3 I6il1E 117 = 3 | (eo +enlgill” —e2018:1°) + (Bily )
i=1

N 2
+0a; 1+ 1P DA+ 1P IDIENNE NP O + 02511 ||2>} + YN 0r e s

i=11=0

N2 . a;0;;-0%)?  a,0'?
+ Y Y {@u-oineanirn- | i (5.27)
i=11=0 2 2
where A(K;) = mgl/lmin(Ki)r AK) = mgl/lmin(f(i)-
1€ 1€
We study the behavior of the Lyapunov function for the three aforementioned sce-
narios: )
Scenario 1: We have w% = ||r;|| for all i = 1,...,N. Then, according to (5.6c), we
obtain

N 2

7l
-) piw————==< —§ Irill <— §§ Ou &N+, (5.28)
i:1Pz ”ri”2+ Pillri [lz i Yi|llTi

i=11=0

Substituting (5.28) into (5.27), yields

N N

V== AK) Y Iril?=AK) Y llesll?
i=1 i=1

* 2

N 2 (a@;-0; )2 a0
—ZZ{ = i }+Zl(||f||) (5.29)

where Q ={1,...,N}and ¢ = [¢],...,& 117 with

N N N
Z1EN 2 —ex Y 1€ +e2 Y M€+ Y (- €o+%)
i=1 i=1 i=1

—i

N
+y ) {wéij(l+ 1PN +7)IE:

i=1jeN;
+(L+P; ||)[waij(é0j(1 +11Pjl) +61) +<pf,-] IEIE
+ A+ 1P (wai 02 + @3 ) IEiNE 1P

+@a; i (L+ P DA+ IPIDNENIE I B +02511E ||2)}.
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Using Descartes’ rules of sign change and Bolzano’s Theorem [107], the polynomial Z;
has exactly one positive real root 171 € R*. The coefficient of the highest degree of Z; is

negative: —e;. Therefore, Z; ([|¢]]) = 0 when [[€]| = 7;.

Since éol' (r)=0, éli(t) =0, égi(t) =0, the Lyapunov function (5.15) satisfies

—1
(l,

N
Z il +

'SilSI

11i=0

where A(K; P; 1) = m%xZ(KiP;I).
1€

Substituting (5.30) into (5.29) yields

) N (2 a0%? 2
VS—(V+Z{Z lz” CY’}+21<||6||)
i=1 (1=0 Y,

Defining a scalar 0 < « < {, (5.31) is further simplified to
Vs—xV-{(-x)V+y

where Z; (||€]]) is defined as in (5.14).

12 .
Scenario 2: In this case, we have 0 < % <|rillforalli=1,...,
rillc+e
2
N 7l
- Z piw————=<0

i=1 Viril?+e

Substituting (5.33) into (5.27), the time derivative of V satisfies
. N N
V= -AK) Y Iril® = AK) Y lleil®
i=1 i=1

N -
Yy {waiju 1P @o; + 7N
i=1jeN;

+1+|P; ||)[w(71ij(é0j(1 +Pjl) +64) +(Pfj] NSNS ;1
+(L+ 11PN (0ai 02 + @3, 111

+@a;j(L+ 1P DA+ IP;IDIENNE 1P 01 +é2j||fi||2)}

+
™=
e

07, 1&: ||rl||+ZZ(6h OINEN ]

i=11=0

az(éli—el*,-)z a19

i=1

I
—
~
I
(=]

‘[\',]2
Mo

Il
—
~

I
=}

) ¥ N2 . 2
ZII ill +22{Z(01i_9;)2+%

€0+€1|5i||7—€2||fi||5)+(ﬁi/L.) :

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)
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Then, following a similar reasoning as in Scenario 1, we have

. N B N
V<-AMK) Y Irill> = MK Y llesl?

i=1 i=1

N2 (a a0 -07)?  a,07°
. i — i’ li
+ LY {oute i -[——; S} (5.35)
According to (5.21), with [|r; ]| = (1 + | P; DII¢; ]I, if follows that
N 2 ! N _ . ; ;
ZZ AENNT =Y (O + Ol MNEN Y NEN Nzl
i=11=0 i=1
al 1 ) 1
Z i+ IPADNEN + 0, L+ 1P DN E 2. (5.36)
Substituting (5.36) into (5.35), yields
. N ~ N
V<= AK) Y Irill?=AK) Y llesll?
i=1 i=1
N 2 (a;@- *~)2 a0
—ZZ{ ki S b 20D (5.37)
i=11=0

N _ N _ <
where Z(IS1) = Z1 (I€1) + .21901'(1 + 1PN+ .21911'(1 +IPINIEIT +0,; (1 +11P;ID? -
1= i=

[1€;124+D Similarly, there exists a unique positive real root 7, € R* so that Z,(||€])) <0
when [[¢]| = n2. The coefficient of Z, with the highest degree is still —¢;. Finally, we get

Vs-xV-((-x)V+y. (5.38)
12 2
Scenario 3: w% = |r;ll fori=1,..k, and w% <|rillfori=k+1,...,N.

Then, following the steps as in Scenariol and Scenario 2, we derive

N N N
V= =AMK) Y MrillP = AK) Y Nlei 2K Y lleill® + Zy (1€

i=1 i=1 i=1

a;0;;-07)? ae*.z
£y oule nr,n—zz{ 1003 _at }

i=k+11=0 i=11=0

N
< —A(K}) Z I 11% = A(Ky) Z leiI2(K) Y lleill* + Zs (1€
i i=1 i=1

{ al(ell ell)z 1071'2 }

2 (5.39)

N N _ <

where Z3 (16D = Z1 (1D + X ¥ 611+ 1P IS 4+ 6531+ 1P D211 IP4Y. There
i=k+1i=

will exist a unique root 13 such that Z3(||¢[]) = 0 when ||¢|| = n3. Similarly, the following is
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obtained:
Vs—xV-((-x)V+y. (5.40)

Combining (5.32), (5.38) and (5.40) from Scenarios 1, 2 and 3 respectively, it can be con-
cluded that V < —xV when V > Y and ||¢|| = max{n;,n2,13} where

X

Y = ) (5.41)
and thus, the closed-loop system remains UUB with the bound
V() =max{V(0),Y}, Vt=0 (5.42)
The definition of the Lyapunov function (5.15) satisfies
V(= %P"l)neu2 (5.43)
wheree=1e],...,e5]".
Using (5.42) and (5.43), it can be obtained that | e]|? < #P[l) max{V(0), Y}, V£=0,
giving the uniform ultimate bound U (cf. Definition 2.6) in (5.14). O

Remark 5.3 (Ultimate bound and gain tuning). Owing to the user-defined diagonal ma-
trices K; and P;, one can notice that the ultimate bound U in (5.14) can be reduced by
tuning K; and P; (i.e. with higher values of I_<l~Pl.‘ 1). However, the fact that m, 07, are
completely unknown prevents reduction of the bound to a arbitrary small level: this is
consistent with robust adaptive control literature with leakage terms a; as in (5.13a)-
(5.13c¢) [52]. In addition, it can be noticed from (5.29), (5.35), and (5.39) that higher values
of K;, €1, €o and lower values of €, lead to faster convergence of the Lyapunov function,
which may in turn cause a larger control effort. Therefore, tuning choices have to be made
according to application requirements.

5.5. SIMULATION EXAMPLE

We will consider six Euler-Lagrange systems (cf. Fig 5.1), representing two-link robot
arms with equations of motion as [60]:

Mt M2 (G, [ cigiz  cilgn+dn)|[an]
Yo 2| | s o U+ d;
M; Mi qi2 Ciqil 0 qi2
misgcos(qi1) + gi [Fn(é/i) . [r,-l
+ + .|+ Hilej, é;) = 5.44
8i Fi>(qy) ilei,éi) Ti2 (6-44)
where ¢; = —m;3sin(g;2) and

11

M; " = mj1 + mjz +2mj3 cos(gi2),
12

M:;® = mjz + mjzcos(qg;2),

M?* = myp, gi = misgcos(qin + giz).-
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The friction term is taken in non-LIP form as [76]: F;1(§i1) = fi (tanh(fi2§i1)—tanh(fizgi1))
+ fiatanh(fisgin) + fiseGin, Fi2(4i) = fir(tanh(fi2gi2) — tanh(fizGi2)) + fiatanh(fis i) +
fi6qi2. The parameters are compactly represented as ©; = [m;; m;» m;3 m;q mis fi1 fi2 fis
fia fis fisl" with

0; =co0l(0.6,1.1,0.1,0.6,0.3,0.5,0.8,0.9,1.2,0.5,0.4),

©, =col(0.8,1.2,0.1,0.9,0.5,0.5,0.8,0.9,1.2,0.5,0.4),

®3 =col(0.9,1.3,0.2,1.3,0.6,0.5,0.8,0.9,1.2,0.5,0.4),

04 =col(1.1,1.4,0.3,1.7,0.7,0.5,0.8,0.9,1.2,0.5,0.4),

®5 =col(1.1,1.4,0.3,1.7,0.7,0.5,0.8,0.9,1.2,0.5,0.4),

®g =col(1.1,1.4,0.3,1.7,0.7,0.5,0.8,0.9,1.2,0.5,0.4)

(all these values, inspired by [72], are used for simulation but are unknown for control
design). We select d;(f) = 0.1sin(0.001i£)[11]7, I =1,...,6.

Inspired by the viscoelasticity model in [8, 56], the interconnections among some
agents in the form of springs-dampers

N N
Hi=) sij(qi—q)+Y. 8ij(di—qp) (5.45)
j=0 j=0
where s;; is the stiffness parameter, §;; is the damping factor (which are s = so1 =
0.48, 512 = $91 = 1.21,825 = 8§52 = 0.085,836 = S3 = 0.37, S46 = Sea = 0.29 and 501 = 510 =
40,612 = 021 = 20,025 = 052 = 25,036 = O3 = 19,046 = 064 = 9 (all these values, inspired
by [8,56], are used for simulation and are unknown for control design).

To test the robustness, we consider two different interconnected structures as shown
in Fig 5.1. Let us remark that each local controller is only aware of which agents are its
neighbors: it knows neither the dynamics of the neighbors, nor whether there are spring-
damper interconnections.

The controller is as in (5.6) with K; = 7.5, K; = I, w =2, = 0.1, P; = 33L,. The
parameters in the adaptive law (5.13) are g = 1,61 = 3-1074,e, = 7.5-107°, ag; = ay; =
a»; =3000, 8; = 10.

(a) Interconnection 1 (b) Interconnection 2

Figure 5.1: Networks used for simulations.
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Figure 5.2: Adaptive synchronization behavior for interconnection 1.
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Figure 5.3: Adaptive synchronization behavior for interconnection 2.
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Figs. 5.2(a) and 5.3(a) show that the synchronization error converges close to zero
for both interconnection structures and, consequently, the adaptive gains in Figs. 5.2(b)
and 5.3(b) also converge close to zero. The inputs are in Figs. 5.2(c) and 5.3(c), where it
can be noticed that input oscillations are in a bounded range caused by the sinusoidal
disturbance d.

5.6. CONCLUDING REMARKS

A new adaptive synchronization protocol for Euler-Lagrange networks has been pre-
sented addressing problems usually neglected in related literature. The main feature of
the protocol is to cope with reduced structural knowledge, i.e. not requiring a linear-in-
the-parameter structure of the uncertainty and allowing the agents to be interconnected
before the control design by unknown state-dependent terms with no a priori bound.



DISTRIBUTED ADAPTIVE
SYNCHRONIZATION IN
UNDERACTUATED
EULER-LAGRANGE NETWORKS

This chapter discusses a framework for adaptive synchronization of uncertain under-
actuated Euler-Lagrange agents. The designed distributed controller can handle both
state-dependent uncertain system dynamics terms and state-dependent uncertain in-
terconnection terms among neighboring agents. No structural knowledge of such terms
is required other than the standard properties of Euler-Lagrange systems (positive def-
inite mass matrix, bounded gravity terms, velocity-dependent bounds on the friction
terms, etc.). The study of stability relies on a suitable analysis of the non-actuated and
actuated synchronization errors, which results in stable error dynamics perturbed by
parametrized state-dependent uncertainty. This uncertainty is tackled via appropriate
adaptation laws. The stability analysis is in the uniformly ultimate boundedness sense,
which is in line with the available literature addressing state-dependent system uncer-
tainty and/or state-depend-ent interconnections. An example with a network of boom
cranes is used to validate the proposed approach.

6.1. INTRODUCTION

Adaptive-robust control, originally developed for fully-actuated systems [94, 118, 125],
refers to a class of adaptive controllers only requiring the knowledge of an uncertainty
bound around a nominal value of the mass matrix. All the other system terms (Corio-
lis, gravity, friction terms) can be unknown [73, 78]. While these methods constitute a

This chapter is based on the submitted paper [134]

73
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general adaptive control framework for fully-actuated systems, such generality is miss-
ing for underactuated systems [34, 38,91]) or requires structural knowledge on the mass
matrix [4, 50, 57]. When considering multiple interconnected systems (also referred to
as multi-agent systems), an additional source of uncertainty arises from the intercon-
nection terms among the different systems. The presence of these uncertain intercon-
nection terms is often overlooked: in most distributed control approaches, the inter-
connection is only the result of the synchronization/consensus protocol, i.e. there is no
interconnection before such protocol is designed [51,64, 160]. Therefore, we put forward
the aforementioned

Question 4: How to achieve synchronization in underactuated multi-agent systems with
a lack of structural knowledge for system dynamics and interconnection terms?

On the one hand, the approach presented in this chapter can be considered a suit-
able "underactuated" extension of the adaptive-robust control framework (indeed, we
also require the knowledge of an uncertainty bound around a nominal value of the mass
matrix with all other system terms being unknown); on the other hand, we present some
distinguishing contributions that make this extension possible: a) derivation of dynam-
ics for the actuated and non-actuated state errors that are suitable for adaptive control
(cf. the stable dynamics perturbed by parametrized state-dependent uncertainty in Sec-
tion 6.3.2, which are analyzed in Section 6.3.3; b) a new stability analysis, which is able
to handle distributed information (each agent can only communicate with a few neigh-
bors) and different state space regions (cf. the proof of Theorem 6.1); c) adaptive laws as
proposed in Section 6.3.4, which are not designed using the standard leakage approach,
but based on an appropriate state-dependent leakage action.

The rest of this chapter is organized as follows. The problem of synchronizing mul-
tiple underactuated uncertain Euler-Lagrange systems is formulated in Section 6.2. Pre-
liminary steps about distributed control law and synchronization error dynamics are
given in Section 6.3. In addition, in this chapter uncertainties are analyzed, resulting in
the design of adaptive synchronization laws. Stability analysis is provided in in Section
6.4. Section 6.5 provides the simulation results for a network of boom cranes. Conclud-
ing remarks are in Section 6.6.

6.2. PROBLEM FORMULATION
Consider the following network of underactuated Euler-Lagrange (Euler-Lagrange) agents
(i=1,...,N):

Mi(gi)qi + Ci(qi, 4i)qi + Gi(qi) + Fi(gi)

+Hj(ei, é) +di =10(,_,, 111" (6.1)
where g, g; € R" are the generalized coordinates and their derivatives, d; € R" is an ex-
ternal bounded disturbance with ||d;| < d; (d; is an unknown constant), 7; € R with
n—m < m < nis the control input. For convenience of analysis, consider that the gen-
eralized coordinates are arranged according to non-actuated and actuated dynamics
as q; = [qlfl. anl.]T with qy; € R" and g,; € R™. The system dynamics in (6.1) com-
prises the symmetric positive definite mass matrix M;(q;) € R**", the Coriolis matrix
Ci(qi, gi) € R, the gravity term G;(q;) € R", the friction term F;(q;) € R", and the in-
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terconnection term H;(e;, €;) € R”, depending on the local synchronization error and its
derivative.

Accordingly, the local synchronization error e; can be decomposed as e; = [egi eaTl.] T
resulting in

’

eui(t) =Y. ij[qui() = Guj ()] + bi[qui (1) = Guo] (6.2a)
jeki
Cai()= Y @ij[qai(t) = 4aj (D] + bi(qai (1) = Gao) (6.20)
jeki
and analogously for ¢; = [¢]. ¢T]7
i)=Y aij[Gui(®) = Guj ()] + biGui (0 (6.32)
jeki
Cai() =Y ij[Gai(t) = Gaj (D] + bidai (1). (6.3b)
jei

In principle, one could consider time-varying leader trajectories (cf. [73, 78, 104, 129]
for fully-actuated Euler-Lagrange systems and [38] for a specific class of underactuated
Euler-Lagrange systems); however, this poses the challenging problem of how to define
a feasible trajectory for a general underactuated system. Because this problem goes be-
yond the scope of this work, as is standard in literature (cf. [9,49,57,69,70,85,88,151]), in
(6.2a)-(6.2b) qo = (gL, ;)" € R" is a fixed-point equilibrium of the leader (accordingly,
no leader velocity appears in (6.3a)-(6.3b)).

In line with standard Euler-Lagrange literature [60, 125], the following system prop-
erties are assumed:

Property 6.1. There exist &;, &, fi, hii, hai, hzi, }_14,'_. hs; € R (possibly unknown) such
that |Ci(qi, )1 < Cillgill, 1Gi(g)ll < &, 1Fi(g)l < fillgill, | Hi(ei, €)1l < hi; + haille; || +
hsilléill + haille; |1 + hs;llé;11°.

Property 6.2. The matrix M;(q;) is symmetric, positive definite and there exist positive
constants m and m such that0 < mI, < M;(q;) <ml,, Vq;,Vi.

Remark 6.1. The interconnection term H; represents the uncertain interaction between
agents, existent before the design of the synchronization protocol. Literature on multi-
agent systems typically neglects this term [51, 64, 160], whereas we consider it and its pres-
ence requires a novel synchronization protocol.

The upper bounds of C;, G;, F;, H;,d; in Property 6.1 are taken to be unknown, i.e.
they are not used in the design of adaptive law. The upper bound structure of H; is taken
to be quadratic in accordance with the quadratic effect of the term C; g; in (6.1).

For brevity, let us omit the dependence of the system dynamics terms on the state
variables. This leads to organize the dynamic terms as

Muui Maui
Muai Maai

Ei2CiGi+Gi+F;+H;+d; = [EL EL)T (6.4b)

M; 2 , (6.42)




6. DISTRIBUTED ADAPTIVE SYNCHRONIZATION IN UNDERACTUATED EULER-LAGRANGE
76 NETWORKS

where My, € REWx0=m  pp e R=mxm Ao e R E e R, E,; € R™.
Therefore, the dynamics (6.1) for each agent can be represented as

Gui = _MJ&iMauiqai — Ry; (6.5a)
Gai = My Ti + Ra (6.5b)
with
Rui 2 M Eyi,

uuz

Raj 2 M} (Myai My Eui — Eai),

uui

A -1
Ms; = Maai — MuaiMuu,'Maui-

Since M; in (6.4a) is positive definite, My; and M,,; are both positive definite (thus in-
vertible). The following assumption, going under the name of Strong Inertial Coupling,
has been proposed in the literature to ensure controllability of underactuated Euler-
Lagrange dynamics.

Assumption 6.1. (Strong Inertial Coupling[117,123]) The following rank condition holds:
rank(Mayi(q;)) =n—-m<m, Vq; € R". (6.6)

Remark 6.2. The Strong Inertial Coupling condition has a structural motivation in the
framework of backstepping. It allows using backstepping to design a virtual control for the
non-actuated states. Note that this condition appears in most works about underactuated
Euler-Lagrange systems [87, 99, 124].

Due to the block structure in (6.42a), the uncertainty in the mass matrix M; is ad-
dressed in a different way from the other dynamic terms. It is assumed that Mg; € R™*™
can be decomposed as M; = Ms; +AM;; where Ms; is the nominal term (used for control
design) and A Mj; is the unknown part satisfying the following bound conditions:

Assumption 6.2. Define the matrix T; = Ms‘l.1 My; — Iy,. Then there exists a known scalar
T € R" such that

ITil<T<1. (6.7)

Assumption 6.2 implies that an upper bound on the uncertainty of Ms; is known. It
is often adopted in the literature to describe uncertainty in mass matrix [94, 118, 125].

Use graphs ¢ to represent a network of nodes (or agents) under Assumption 2.1,
which can be described by the pair (¥, &), comprising the node set ¥ £ {v,..., vy} and
the edge set & < 7 x 7. Typically, the node set does not include the leader node vy, which
is indexed by 0 due to its special role. An edge is a pair of nodes (v}, v;) € &, which rep-
resents that agent i has access to the information from agent j, i.e. agent j is a neighbor
of agent i (not necessarily vice versa). Let B = diag(b;,...,bn) € RN*N_ The edges in &
are described by the adjacency matrix o = [a;;] € RV*N, where a;; > 0 if (vj,v;) € &
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and a;; = 0 otherwise. The Laplacian matrix £ is defined as <£;; = Zﬁv 1, i Bij ifi=j,
otherwise Z;; = —a; ;. From (6.2), we obtain

ew=—(L+Be(qu-q )=—-(ZL+B)®du
ea=—($+3)®(67a—ﬂa0)=—($+B)®5u

where ey = [eg,., eun1", €a=[€g,- eayl”s Gu =[Gy Gun] s da= lqap o)
4,,=1N®qw, 9., =1n®quo. The errors 6, = (ga—q_ ) € R™, 6y = (qu — JE RN
represent the global synchronization error with the leader in actuated and non- actuated
states, respectively. In a distributed control setting 6,, 6, cannot be used for control
design because they involve information from the leader that is not available to all fol-
lowers.

Due to the directed spanning tree property in Assumption 2.1, the following lemma
is known from the literature [160].

Lemma 6.1. The local and global synchronization errors are related by

lleull
oull € —— 6.9
6ull < A (Z+B) (6.9a)
lleall
0ol € ——— 6.9b
6all = A (Z+B) (6.9b)

With Amin (£ + B) the minimum singular value of £ + B.

Due to the presence of state-dependent uncertainties, it has been shown in the lit-
erature that adaptive asymptotic synchronization (cf. Definition 2.7) is hard to achieve
even for a fully-actuated system. Therefore, practical synchronization (cf. Definition
2.8) is sought in the uniformly ultimately bounded sense, which is in line with the exist-
ing literature considering a priori interconnection (24, 129,133, 172].

Problem 6.1. Let§; = (6], 6117, Under Assumptions 2.1, 6.1-6.2 and Properties 6.1-
6.2, design a distributed (i.e. using state information of the neighboring agents) adaptive
mechanism for the network of underactuated systems (6.1) that guarantees that the global
synchronization errors stated = [67 ... O I1T is uniformly ultimately bounded (UUB) (cf.
Definition 2.5).

6.3. CONTROLLER DESIGN

In the following, we give the distributed control law (Section 6.3.1) and the dynamics of
the synchronization error (Section 6.3.2). These preliminary steps will be useful to derive
the proposed adaptation mechanisms in Section 6.3.3- 6.3.4.

6.3.1. DISTRIBUTED CONTROL LAW
Define a tracking error variable :

Ii = 0péa; + Eqjeq; + Oyjly; + Eyjey; (6.10)
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where 0,;, Z,; € R™*™ are user-defined positive definite matrices, and ©;, Z,; € R”*(="
are user-defined full rank matrices.
The distributed controller is designed as

Msi _
i = ——(=ri=Ti), Ti=pisat(Si,p) (6.11)
1
Si
S I1Silz¢ . . . T
where sat(S;, @) =4 & 1Sil < is a standard saturation function with S; = B; Py; -
v ISill<e
Waj; @ is a user-defined scalar; B; = [0 I,,1T; Pa; > 0 is the solution to the Lyapunov
. 0 I . . .
equation A;.Pai + Pa;jAai = —Qa; Where Ay = [ = @’;1 is Hurwitz by design, and
——ai —VYai

Q.; is a user-designed positive definite matrix; p; will be defined later in Section 6.3.4 to
deal with the uncertainty in the system dynamics.

6.3.2. SYNCHRONIZATION ERROR DYNAMICS

Using (6.3b) and (6.5b), we obtain the synchronization error dynamics in the actuated
dynamics as

éaiZdi(M;ilTi+Rai)— Z aij(M;lej‘i'Raj) (6.12)
jeN

where d; = b; + Y, aij.
jeNi
After substituting (6.11) into (6.12), we obtain
Eai =(Mg; My = Im) (= ri = T;) = (ri +T;) + di Rai
= ¥ | (MG I~ 1) (= 1y = 7)) = (1 + 75)] - iR
JeN;
=—ri—In+TDTi+ Y, aij(Im+T)Tj+ij (6.13)

jeM

_ a;; _ .
where aijj = d_lj] and dij= —T,-ri+Z].€m a;ijTirj+a;iRaj — a;ijRaj.

According to (6.10), (6.13) can be rewritten as

€ai =~ OajCai — EaiCai — Um + TTi+ Y dijUm+ TNTj+yij (6.14)
jeN:
withy;; = (pij—(@u,-éu,-+5u,~eui). Letus arrange the actuated state error as w,; = [eaTl. éaTl.] r
Using (6.14), we have
Wai = Aaiwai + B [ U+ T)T;i + Yijt Z C_lij(lm + Tj)‘l_'j . (6.15)

jeki
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Similarly, using (6.3a) and (6.5a), the synchronization error in the non-actuated dynam-
ics turns out to be

éui =—aj (MJI}iMauiéiai +Rui) + Z aij(MJuleauj(:iaj +Ruj)
JEN;

Mﬁl-Maui(M;l-l‘[i+Rai)+Rui + Z aij

=4 uui
JEN;

M) Mo (MG T3 + R ) +Ruj].
(6.16)
Similar to (6.13), substituting (6.11) into (6.16), gives
Bui == My Mai My;' Mi (= ri = 7;) = i (Mgy; Mayi Rai + Rui)

" -1y, . -1
+ Y @ijMyyjMaujMg; Msj(—Kjrj=7j)+ Y aij(My,;MaujRaj + Ruj)
jeki jeh

= — My Maui (MS_iIMsi—Im)(—ri—fi)—(ri+fi)]
+ Y @My Maj | (MG ¥ = 1) (- 1 - 7))
jehi
~ (1 + 7)) ]+ s (Ml MawiRai + Rui) + Y i (Mgl ; Maw Raj + Ruj)
jehi
= My Mawi (I + T1)Ti + = 3 aij My iMauj(Im + T7)7 (6.17)

jeNi
where

¢} = My Maui (I + Ti) 11 =3 @1 My jMauj (Im + T})r;

uui
jeNi
v -1 -1
—d; (MuuiMauiRai + Rui) +Z aij (MuujMaujRaj + Ruj)-
jeNi

Let us design a full-rank matrix I'; € R7="™*™ guch that A;; = T;0y; >0, Ay; =;Ey; > 0.
Adding and subtracting I'; r; to (6.17), the following is obtained:

. -1 - _ -1 -
8ui = My Maui (Im + T3)Ti— ) a,-jMuujMauj(Im +Tj)7;
jeNi
+ 4’;-,- —Ti(Oaiéai + Zai€ai + Oujéyi + Eyiewi) + Tt
. —_ -1 _
=—T;Oy;éui —TiZuieui + My, ; Maui(Im + Ti)Ti
- -1 —
- Z aijMuujMauj(Im"‘Tj)Tj"'w;j (6.18)
jeN;
where 1//’” = (,b’l.j - (@aiéai + Eaieai) +I';r;. Arrange the non- actuated state error as wy; =
lel. T T, Using (6.18), we have

ui “ui

Wy; =Ayiwy; + B2

ML Mayi (I + 1)1 — ZW @i} M i Mauj (I + Tj)fj+w;j] 6.19)
JEN
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where we have defined A,; = [ 2 I(" m)
—Ay;
[0 Itn—m) ™.

Remark 6.3. The analysis of the error dynamics has led to (6.15) and (6.19), which are sta-
ble dynamics (due to the Hurwitz state matrices Ay; and Ay;) perturbed by state-dependent
terms.

] which is Hurwitz by design, and B, =

In the rest of the analysis, the idea is to find an upper bound for these perturbation
terms, which in turns leads to define an appropriate p; for stabilizing the error dynam-
ics. In the following, we provide the uncertainty analysis (Section 6.3.3), leading to the
adaptive synchronization laws (Section 6.3.4).

6.3.3. UNCFR'[‘/\IN'I‘Y/\N/\LYS[S
Define¢; = T l-Tc']iT]T, &= [ET,...,fjf,]T.Therefore, leaill < 1€, llewill < NEill, Néaill <
€N, Newll < IIcf, ||. According to (6.10), we have

Irill < 0illSill (6.20)

with 9; = [Oa; | + Zai | + 1Ouill + [ Euill.
Using Assumption 6.2 and (6.14), the following bound for v/;; in (6.15) can be ob-
tained:

lwiill < I Tirill+ ) @il Tjrjll + il Raill + aijll Rajll + Oy éyill + | Zuieuill

jeNi
< TONEN+T Y @i 01€ 1+ il MM I (1 Eai |l +1 Muas ML 1 Eqi )
jeNi
- -1 -1
+ Z aij”MSj ”(”Ea]||+||Mua]Muu]||||Eu]||)+||®uleul||+||—-uzeul|| (6.21)

JeM

According to the definition of ¢;, ||g;|l < II¢;|l can be obtained. Using Property 6.1, we
have

IEi(qi, Gireir €)1 < (i + di + i) + fill gill + il Gi 11
+ hailleill + hsillé;ll + haille;1* + hs;llé; 1)
< (gi+d;i+ hy) + (fi + hoi + h3) &
+ (8 + hai + s ) 1€ 1% (6.22)
From (6.4b) we have | Ey; |l < | E; ||, | Eu;ill < | E;ll. Then, (6.21) yields

”PalBl”"u/L]”<||PalBI||[T'9 NEM+T Y @i ®;0E 0+ ci Il Mg I (1+ I Mua; Mg 1)1 E;

JeN
+ 3@ M (1 + 1 Mua My I IE I+ (18l + 12 ) 1€ ||]
JEN;
< 00+ O IE 1+ 02 1€ 1%+ Y (01 1€ 11+ 2 11%) (6.23)

e
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where

0oi = | Pa; Bl [ui(gi +di+hi)+) (g +di+ hlj)]
JEN;

01 = I1Pai Bl (fi + hoi + P+ T0:+(10uil + 120l

O2: = | Pai Bl i (Ci + hai + hsi), @1 = | PaiB1 |I[ﬂij(fj+l_12j +h3j) + Tﬁijl‘)j]
®2j = |1Pai Bill i (€ + haj + hsj), i = il Mg I (1 + | Muai Mgy 11)

frij= Y aijllMg (1 + 1 Muaj Mgy ).
JEN;

Similar to (6.21), the following upper bound on w’l.j is obtained from (6.19):

!/ ! . —
i1l < 151 + 1©ai€aill + 1 Zaieaill + IT; 7l

-1 v —1
< 1My Maui ll I + Tl il + G | My ; Maui Rai + Ruill

uuiz

- -1 -1
+ Y @i Il My i Mauj I L + Tl + > aijll My, MaujRaj + Ruj

jeN; jeNi
< [(1 + T) | My Mauill + 1]0,-”51- I+ i I ML T Eui |
+ a4 | M Maui I M (1L Eai | + 1| Myai Mg 1 1 Eui l)
+(1+T) Y @01 Moy Maj IIE I+ Y @il Moy Mauj 1M I (I Eaj
JeH; jeNi
+ [ Myaj Mgy i 11 B 1) + ZJV @i My 1| Bujll + 1@aiai | + |1 Za;€aill.  (6.24)
JEN

Define Py; > 0 as the solution to the Lyapunov equation AE ;Pui+ Pyi Aui = —Qu; with Qy;
being a user-designed positive definite matrix. Then, we finally obtain

| Pui Ba Il 1 < ||Pu,-Bz||{ [(1+ T)IMd Maill + 1] 91651

I M M (L + | Myai Myy;) + 1] IEill +(1+T) Y aij0; 1My Maujl 1€

+ai | M
jeHM

uui ”

I M 1M (1 + 1 M MGt ) + 11 1+ (190l + ||Ea,~||)||£,-||}

- -1
+ 2 aijl Myl
JEN;

< 00,401 1€ 1405, 1817 + 3 (07 1611+ 518 117) (6.25)

ey
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where

0}; = I Pyi Byl [u gi+di+hu)+Y il g]+d]+h1])]
JeN;

01 = 1PuiBoll [} (i + T + Fogs) + (10wl + 120 )] + [ (1+ T) 1ML Maui + 1] 0
03; = IPuiB2 || (Ci + hai + hisi), ¢y ; = | PuiBally (€ + haj + hs )
(pllj = || Py; B2l [ﬂ;j(fj+f_l2j+ljl3j)+(l+T)c_lijﬁ] ”MJu]MaUJ I

W= ail Myl

uui

| MM (1 + | Mo M) +1]

uut
3 = MG [ 1M MG (14 M M) 1.

The upper bounds in (6.23) and (6.25) put us in the position to design an appropriate p;
in (6.11), as will be explained later in Section 6.3.4.

6.3.4. ADAPTIVE SYNCHRONIZATION LAWS
According to the structure of the upper bounds of ¥;; in (6.23) and u/ in (6.25), p; is
designed as

1

P = G (001 + Busli 11+ Bai i1 + i) (6.26)

with the adaptive laws for [ =0,1,2
01 =x1i (lwaill + lwui | + 1S NIEN = azi (lwaill + lwwi ) 1E:1110;; (6.27a)
Fi==[eo+er(Eill7 = 1617 + eal&il [ yi + oISl + 11D + B (6.27b)
where 0;(0) > 0,0;;(0) > 0,0,;(0) > 0,y;(0) >v (6.27¢)
€0, €1, €2, X1i» X[i, ﬁi) Ve [RJr (627d)
with €2 > €;. (6.27€)

Remark 6.4. The proposed adaptive laws use a leakage term dependent on the synchro-
nization error. This turns out to be useful in the Lyapunov analysis of the derivative of
(é” —0;)2. Specifically, the common factor (Ila)a,- I + llwyi ||) IIEilll can be extracted to con-
struct negative square terms of éli as shown in (6.39)-(6.40) in Section 6.4. Compared to
the standard leakage term (cf. [24, 129], [52, Chapter 8]), a more concise UUB condition
for w,; and wy; is obtained in (6.47), (6.52) and (6.54).

6.4. STABILITY ANALYSIS

Theorem 6.1. Under Properties 6.1-6.2 and Assumptions 2.1, Assumptions 6.1-6.2, the
closed-loop trajectories of (6.1) employing the distributed control law (6.11) with adaptive
law (6.27) are uniformly ultimately bounded.

Proof. Construct a Lyapunov function:

1N 1N 1 5 -
YOESDY {w;-Paiwai +w§ipuiwui} +=) { > — 601" +—+
23 23 Yo X €

(6.28)
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where 0;; = max{6;;,0) .}, [ =0,1,2.
The proof is organized as follows:

a) the bound of uncertainty for the overall network is calculated;

b) based on such uncertainty bound, we calculate the time derivative of the Lya-
punov function;

¢) based on different regions of saturation function sat(S;, ¢), we study the behaviour
of the Lyapunov function for three possible scenarios.

Combining all the results, we will finally obtain a uniform ultimate bound on the
actuated error w,; and on the non-actuated error wy;.

a) The bound of overall uncertainty term

According to (6.15), we obtain

0 Paitai =] Pai{ Aaiwai + By [~ U + TOTi+ Y @ij(Im+ TPEj +rij] |
jeH;
<—le.Q iwai + |0l N Pai Billllwi il — 0. Pai By Iy + T) pisat(S;, @)
=7 5 WaiKaiWai ai ai D1 ij aitaiP1Um i)Pi P

+ Y @j0lPyBi(In+ T))pjsat(S;,¢). (6.29)
jeNi
Analogously, according to (6.19), we obtain
{Ugipuid)ui =w£ipui{Auia)ui + By [MJ&iMaui (Im + Ti)fi
- -1 -
= Y i My Mauj (I + Tj)E; + 971}
jeN
1 T = T -1
=- EwuiQuiwui + Z/V aijwuiPUiBZMuujMauj(Im + Tj)pjsat(S;, @)
JeNi
+ 04 Pui B2 My Mawi (I + Ti) p:5at(Si, @) + +llw | [ Pui B2 1.+ (6.30)

Adding (6.29) and (6.30), combined with (6.23)-(6.25), we obtain
w;Paid)ai +w§ipuid)ui
2
< = Aumini | loai I + 0uill?] + 3 00131 (lovaill + il
=0

+ X [ @106+ 211812 (loail + leui)

jeH
— Wl Py Bi (I + T1) pisat(S;, @) + 0, Py Bo My} Mayi (I + Ti) pisat(S;, )
+ Y @ijw g PuiBaMyy  Mauj (L + Tj)p jsat(S, ¢)

jeH

+ Y a;jwl PaiBi (I + Tj)pjsat(S;,¢) (6.31)
jeti

where Amin,i = min{/lmin(Qai)/Z, ﬂmin(Qui)/Z}, @1j =max{gpy;, <P'1j}, $2j =max{py;,
@yt J €N
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Next, we will analyze the last three terms in (6.31) by using the inequality ||sat(S;, )| <
1. From the input-output property of the adaptive law in (6.27), it can be verified that

N o

01; < 01 + 0 (lwaill + lwui l + 1S 1) 11 (6.32a)
y< Yi(IISill +1€:11) (6.32b)

with 0y, 653, ¥i, ¥i €RY, 1=0,1,2.
Using (6.32), together with [|wq; |l < I€;]l and [lwy;ll < ;] the following can be ob-

tained:

wT'PuiBZMuu,Mauz (Im + T7) pisat(S;, @)

IA

Ty [Zehnf,l +yi[lol]

o

_ 2
T {Zel,nflul“ |7+ i (0Sil1+ 01 11+ 80 (oo + Twuill + 11 ||)||£,||2’+1}

IA

IA

_ 2
ny {Z S IENHY + 052+ IBE Py I)IENP2 + 700 + 7 (1 + I BE Pa ) 1€ 112 } (6.33)
=0

(1+7)1Pus Bl M) Mauill

e

In an analogous way, the following can be obtained:

where T}; =

Y @il PuiBa My Mayj(In + Tj)p jsat(S, @)
JjeN;

Tz;[zazjllfjll +yj] ok
Jeavl

<y ij{ > B 1EME N +07; (lwajll + lewu I+ 1S IIENNE 12!
jeN; 1=0

+7 1€ 147 (1 HIBf Py ||)||<fl-||2}

<y sz{zez,ué &1 4+ 97 (1+IBT Pal) 1€ 12 + 711

JEN; 1=0

+01;(2+1B] Pajll) & 111E; ||2’“} (6.34)

i (14 7)1 Pui Ba I M) Moy
(-7) |

where T5; =
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In addition,
Z al’jwzipaiBl(Im'i‘Tj)PjSat(Sj,(p)
jeNi
= 2 l T
= ¥ T L'+ g
JEN; =0

= Z ]:1 {Zel]||£t||”f]|| +YJ(1+”B1 Paz”)“f ” +Y]||§z”
JEN;

=0
+élj (2+ "BITPaJ' NIl ¢ 2141 635
where 1:"3]- = %'

Using (6.33)-(6.35), the following aggregate term ¥;; can be defined from (6.31)

N
Z Z Wi
i=1jeN;
Z [<p1j||f,~u+¢2j||6,~||2](||wa,-|| +llwyill) + 0l PuiBo My} Mayi (I + Tj) pisat(S;, ¢)
jeki
+ Y Gijw ) PuiBaMyy i Mauj (I + Tj)p jsat(S;, o)
JEN;
+ Y aijwl PyiBi Iy + T))p sat(S;,¢)
JEN;

Z 02 (T2 + T3;) (2+ 1 BL Paj )& ||||£,||5+Z T1162: (2 + 1B] Paill) 1€:11°
jeN; i=1

W Mz L MZ

Z i(Toj+ Ts;) 2+ IBL Pajl) 1€ 11E 13 +Z T1:01; (2 + 1B Pas ) 1€:11*
JEN; i=1

Tl Y T [2ny+ (B + Top)i [Nt 12
i=1jeN;

+Z Y {zwl, T2]+T3])[901(2+||B{Pa,||)+91]]}||fi||né,~u
i=1jeN;

+{ii[éol-(2+ 1BY Paill)+ 61i + Fs(1 + 1 B] Pasll] 47 (To + Tsj) (1 1B Pay ||)}||éi||2
+ [1:"11'(9001' +Yi)+ (fzj + fsj)(f’j +é0j)] gl (6.36)

b) Time derivative of the Lyapunov function based on the uncertainty bound

Up to now, we have calculated the time derivative of the first line in (6.28). We will
proceed with the time derivative of the other terms. Using the adaptive laws (6.27a)-
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(6.27¢c), we have

2

1 - _
Y — 01 -01)6y;
=0 Xli
21 A - ! 14
:Z;(Hli_gli)[Xli(”wai”+||wui||+||5i||)||5i” —ayi(loaill + low )1 911‘]
1=o0 Xli

2 2
=Y 0 (lwaill + lwuill + ISAIEN = Y 01 (Ilwaill + o + 1S 1) 1€

1=0 1=0
2
Z ”wal [l + llwyi ” I<: “ + Z allellgll(”wal Il + llwy; ")"61 I (6.37)
=0 1=0

where @;; = a;;/x1;.
In addition,

L =ﬁ{ = [eo+exEal™ = 16419 + e2llil i +eo (1Sil1+ 11D +ﬁi}
€0 €0
== {1+ UGN = 1615 + &0l +yi (1Sill+ 160D +viBs (6.38)
where €; = 60,62 ,3, =

E‘
Using (6.31), (6. %b) and (6 37)-(6.38), the time derivative of V satisfies

N 2

y 2 2 ) 1 q

V==Y Amini | lwai I*+l@yill ]+291i||5i|| (lwaill+llwyill) +viBi
i=1 =0

N N
~ I PyBi U+ Tpisat(S, @) + Y. Y Wi+ Y y:i(ISill+1€:1)
i=1jeM; i=1

N 2
i (lail + louwi 1+ 1SN =D Y 01 (lwaill + lwyi + IS I IE N

+
DM
D>

i=11=0 i=11=0

N2 N 2 ;
=Y % @0% (lwail+Hlww EN+ Y Y @101:01 (lwaill + lwui 1) 11
i=11=0 i=11=0

[v]z

N | BN R EEAN]

I
—

I
-

1l
—

Aomin, [l0ill? + lowill?] = 21 (1617 = 16:1° )+Z Y ‘P”+ZY,IIE I
i=1jeN;

N 2
— Wg; PaiBi (I + T1)pisat(Si, p) + x [lzoel,- &1 +yi]usil

+
M

Il
—
~

1l
(=}

N 2
|13 = 1303, + @00i01: | (lwaill + lowill 11" - L dulsdiea’

Mz

YiBi- Y‘?(Hézlléill)]. (6.39)
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The following inequality holds:

M

[éli - dliélzi + dliéliéli]

=0
sé—%éi— %(elﬁ% __] [an i gallé”)z_i%—fzi
S;[_%Q%’JF%H“L%]‘ (6.40)

In addition,

,ZNI “Yi(1+&l&il) +yifi+yiléil

=

S,é__"f Iy~ {[%‘% ]_EB?}_%”&”{[Y,‘—é]Z—%}
Sii[‘%"fillv?+;15?+4—;||éi||]. 6.41)

According to the adaptive law in (6.27b), there exist Y, eR*, i €{l1,..., N} such thaty; >
Y, Substituting (6.40)-(6.41) into (6.39), yields

<
I/\
Mz

> Amin [ laill® + o] - Zyzél(né )

Il
—

@i ~n 3 30
3 li+m+r (||waz||+||wu;||)||fz||

+
e
el

Il
—
~

I
(=}

+

Il
—

& . 2 1z 1
[ Syt 3B+ e+ Y ¥ vy

i=1jeN;

N
= 0qiPaiBy U + Tpisal(Si,g) + 3 [IZG,infl-u’ wyifIsil. 642)
i=1"1=0

¢) The behavior of Lyapunov function based on saturation regions
Based on the regions of the saturation function sat(S;, ¢), we study the behaviour of
the Lyapunov function according to three scenarios similar to [64] as follows:

* Scenario 1: |S; = ¢,i=1,...,N.

In this scenario, we have sat(S;,¢) = S—” According to (6.26), we obtain the fol-

lowing as Sl.T = wal.Pa,Bl.

N T
— ST I+ Tpsat(Si, ) = — Y. (1—1T )mpl <—Z [Zel,uéln +yi| 1Sl
i=1

(6.43)
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Using (6.43), the time derivative (6.42) is simplified to
Vs- Zﬂmml lwa; || + llwy;ll ] ZYzél(”f ”7_“5 || )
i=1
ul @iy, 30 305 1
+Z1 lgo[—?e,,- o *F (lwai lI+lwu 1)1
N & 2, 12
#3220t + 3B e+ >y v (6.44)
i=1 i=1jeN;
The definition of Lyapunov function (6.28) leads to
N 2 1 Y
V=Y Li(lwail + logi1?) Z > (8 +9i) L (6.45)
i=1 =0 X1i

where 1; = max{/lmax(Pa,-)/Z,/lmaX(Pui)/Z}.

Define { = M . Substituting (6.45) into (6.44) yields

ax;{A;}
) N 2 R _ (YZ, N 2 a
Vs—(v+z[Zi(9§i+9§i)+—l]+zz{ “9 (lwail ! + oy 1)
i=1"1=0 Xli €0 i=11=0
3 30% Noog 1., 1
+ (e * 7a) (ol +loul) s ||’}+i221[—3||éi||ﬁ+;lﬁ?+4—éz||fi||]
—Zy EIEN = 1E NP )+Z Y ¥ij
i=1jeN;
N 2 G_C
—ZZ [— (lwai I+ + lwu 1741) - i]
i=11=0 Xii
N
-y [—||¢l||——]+zl(||¢||> (6.46)
i=1
According to (6.36), we have
N
ZEn=Y Y wij- Zyzél(uélnﬂnf 1%)
i=1jet; i=1

N, 362,
+izzll§0(4d” e ) (lwaill + lwwi 1)1 +Z[ B2+ ||5 ”+Z ]

=

i= 1]€=/V

—Z—ew ||£,||7+Zc12||£ 3> cunéiuufju%+Zéq§u6iu52c6
i=1 i=1
N
+Zc22||£l||4+2 Y c21||«fi||||£j||3+z Y enlEGIIE P+ Y esallEilP
i=1jeN; i=1j€¢V» i=1

+Z ZC41|I€z||||<fjll+ZC42IIQr & +ZCsII§,II

i=1jeN; i=1
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with

e =0j(Toj + T3j) (2 + IB] Pajll), c12 = T1102: (2 + I B Paill), 66——ﬁ2+(9

21 =élj(7:12j Ts )(2+||BlTpa]||) 022—T11911(2+||31TPaz||)

= o

€31 =2¢2j + (7-"21 + fsj)ézj, e =2(—+ i) + 1102

C41 =2¢1j+ (f2j+ fgj)[éoj(2+ | B Paj”) +91j]

3 305
iz =2( o+ 0 i Dos (2 +1B] Pl +0i+ i (141 B] Pugl

+¥(Toj +13j) (1 + I B] Payl)

= o o = = o o 3 392 1
Cs =Tli(00i+Yi)+(T2j+T3j)(7j+00j)+2(4a0 +4w0 +E'
i i

Using Descartes’ rules of sign change and Bolzano’s Theorem [107], the polyno-
mial Z; has exactly one positive real root t € R*. The coefficient of the highest
degree of Z; is negative as —y?él. Therefore, Z1(|¢]) < 0 when |[¢]| = 177, where

1/3 20
_1xT T _ 3 _ 3¢ _ 3¢ _
§=1¢7,.--,¢pl" . Define 11 = Todn 2T Ve BT (ZXzidzi) Uy = & Ac-
cording to (6.46), V < —{V when

min{llwa; |, lwu;l, 1€; 1} = maxi{ny, i1, 2,3, 14}

= min{||wa; |, lwy; I} = max{ny, i1, 2, 13, La} (6.47)

* Scenario 2: |S;|| <¢,i=1,...,N.

In this scenario, we have sat(S;, ¢) = %. According to (6.26), we have

N
=Y STy + Ty pisat(Si, ) <0. (6.48)
i=1

Substituting (6.48) into (6.42) gives

2 -
a)
Y20 5 lail ™ + ol ™) ——] A

V-

||[\/]z

N 2
B [—Ilf II——] X [Zéli||<fi||l+7’i]||si||- (6.49)
i=1 i=1 1=0
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According to (6.32), together with | S;|l < ¢, we obtain
N 2 .
> [ Zdutea +yifisii
i=1"1=0
N 2 N ! T
<3 [ X Bl +7insill + 7 (1+ 1B] Pasl)ISi12
i=1"1=0
+ 05 (lwaill + lwui Il + 11S; ||)||5l~||2’] 1S
N o v T v o
= Z (Boi +@Boi +@7:) +7i(1+ 1B Paill) + (200; +61:) 1€
+ Z [(0911 +911] ”51” +201l”£l “ +<P921 ”ét” + 22921”61” (6.50)

i=1

Substituting (6.50) into (6.49) gives

Ve—qv- ZZ@[ (loail™*! + w11~ (] Z [32||5,-||—€—‘;]+Zz(||6||)

i=11=0
(6.51)

with Z, (Il€11) = Zy (1€1) + z (B0 + @00 +@7:) + 7 (1+1 B Paill) o+ (200: +01:) 1611+
zl (9605 + 613 141+ 26116512 + B 111 + zlzéziuf,-n?

1= 1=

Analogously to Scenario 1, V < —{V when

min{llwg; [, lwyll, 1€ 11} = max{ng, 11, 12, 13, ta}

= min{[|wa; |, lwy; I} = maxins, i1, 2, 13, 14} (6.52)
where 7, is the positive real root of Z, such that Z, ([|¢]]) < 0 when [£]| = 2.

* Scenario 3: || S;| satisfies neither Scenario 1 nor Scenario 2. Without loss of gener-
ality, consider ||S;[| =@ fori=1,...,k,and ||S;|| <@ fori=k+1,..., Nwherel < k <
N-1. Fori=1,...,k, we have sat(S;, ) = Ilg B Fori=k+1,...,N, sat(S;,¢) = %
Similarly to Scenario 1 and Scenario 2, we get

Ve-vY Y e [ el + o) |+ e

i=1/=0
N
-y [ Zea- ]+ > [xoue +y,]||sl||
i=1 i=k+1 " [=0
<V Y B [ %L (o111 + o 1+1)- C] Z (2~ + e
i=11=0 €o

(6.53)
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(a) Schematic boom crane on ship (b) Network

Figure 6.1: System used for simulations.

N o . . o
with Z3(II51) = Z1 (IS 1D+ % 1(90i+<;0190i+(P7°’i)+77i(1+||BITPai||)<,0+(26’0i+91i)llcfi||+
i=k+

N < o < o N
3 (00 +Bui 1 + 2001607 + 9Balil + 3 2Bl
i=k+

i=k+1

Analogously to Scenario 1, V < —{V when
min{llwa; ||, lwuill, 1€; 1} = max{ns, 11, 12,13, 14} m
= min{l|lwa; I, lwy; I} = max{nsz, t1,12,13, ta} (6.54)

where 13 is the positive real root of Z3 such that Zz([|¢]]) < 0 when ||| = 3.

Finally, combining (6.47) in Scenario 1 with (6.52) in Scenario 2 and (6.54) in Scenario
3, we obtain wy;, Wa; € Loo When |[¢]| = max{n,m2,7M3,.1,!2,!3,14}, which leads to e,, e, €
Z~- Both the local actuated synchronization error and local non-actuated synchroniza-
tion error are thus proved to reach UUB. According to (6.9) in Lemma 6.1, the global
synchronization errors §,, d, are also uniformly ultimately bounded. O

Remark 6.5. The proofof Theorem 6.1 provides estimates for the uniform ultimate bounds,
which can be tuned as follows. Larger B; and €, leads to more negative —ylz,él, which is
the fifth degree coefficient of the polynomials Z,(I¢1)), Z (1<), Zs(I€1) in_((3.46), (6.51),
and (6.53). Making this coefficient more negative makes the rootsny, 12, 13 closer to zero,
which in turn contributes to reducing the ultimate bound on the error. Larger x;; and
smaller {, which can be obtained from larger Py;, Py;, result in 11, 1o, 13 being closer to
zero. A larger e, leads to a smaller 14. This also contributes to reducing the ultimate bound
on the error. Let us mention that a smaller error might require a larger input: this is a stan-
dard trade-off [111, 143], which might be seen from the fact that larger x;; and B; leads to
larger p;.

6.5. SIMULATION EXAMPLE
A network of underactuated systems is considered, where each system has boom crane
dynamics mounted on a ship: the network can be thought as an abstraction of a cooper-
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ative lifting scenario. Here, p; is the payload swing with respect to Y, 9; is the ship roll
angle caused by sea waves, p; is the luffing angle of the boom, and L denotes the length
of the rope. The length, mass, and moment of inertia of the boom are P;, m, and J. The
distance between the barycenter of the boom and the origin is denoted by d;. The states
of the crane system are q;; = 0; — 9, g2; = ti —9;, and gs; = L (g1; is the non-actuated
state, g2, q3; are the actuated states), leading to the dynamics as (6.1) with n =3, m =2,
and

Mpi g3, —mpi PLq3;S21,i 0
M;=| —-mpiPLq3;S21,i Ji + mp P% —mpiPLCo1,i
0 —mp;i PLCy, Mp;
Mpiq3iqzi  —MpiPrq3;Co1,iqo; Mpiqsiqui
Ci= Usi 0 —mpiPrS21,iq1i
—Mpiqsiqii Mpi PrS21,i Goi 0

Us; = -mpPr(S21,iG3i — Ca1,iq3i G11), Ti = [T1; Tail
Mpi8aq2i sin(q;) qii

Gi=| (mpiPL+m;ds;)§acos(qai) |, qi Gei

—mp;gacos(qy;) qsi

N N
Hi=Y sij(qi—qp+) 6ij(gi—qj)
=0 =0

with Sp1,; £ sin(ga; — q11), Ca1,i £ cos(q2i — q1;) and F; = [F;1 Fip Fis]” where Fjy (g1;) £
fatanh(fi2gin) — tanh(fi3gi1)) + fiatanh(fis i) + fisGi, Fiz(G2i) = fin tanh(fi2Gi2)

—tanh(fi3qi2)) + fistanh(fis§i2) + fieGiz, Fis(dsi) = fi tanh(fi2§i3) — tanh(f34i3))

+ fistanh(fi5Gi3) + fisgis- The friction term F; is taken in non-linear-in-the-parameters
form according to [76], whereas the interconnection term H; follows a standard spring-
damper model where s;; is the stiffness parameter, and 6;; is the damping factor (this
can represent some interconnection among the cranes via the crane wires due to the
load). The goal is to bring the payload to a desired position defined by g¢; =0, go2 =

arccos(ar/Pr), qoz =/ Pi - ai -br.

6.5.1. SYSTEM PARAMETERS (UNCERTAIN) AND DESIGN PARAMETERS

The following system parameters are only used for simulation purposes, but they are
unknown for the control design. The vector of (unknown) parameters in friction term is
compactly represented as ©; = [f;1 fi2 fi3 fia fis fis]!, where

©,=[0.50.80.91.20.50.4]7, ©,=[0.50.70.91.00.50.4] 7, ©®3 =[0.30.70.7 1.0 0.7 0.3] T,

©,=[0.50.90.71.20.40.5]", ©5 = [0.50.80.6 1.30.50.6] 1, O = [0.6 1.0 0.9 1.50.2 0.5]
©,;=[0.41.00.81.20.40.8]".

According to interconnection network in Fig. 6.1 (b), the spring-damper parameters are
chosen as S16 = Sg1 = 0.37, s46 = Sg4 = 0.29 and 616 = 661 =25, 545 = 564 =9. The distur-
bance is d; (#) =0.1sin(0.001i7)[1 1 1]7.
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Figure 6.2: States and corresponding synchronization errors for the example of Section 6.5

T
25 3 35 4 45 5
Time (sec)

25 3 35 4 45 5
Time (sec)

0 0.5 1 1.5 2 25 3 35 4 45 5
Time (sec)

Figure 6.3: Adaptive parameters 6;;, [ = 0,1, 2. for the example of Section 6.5
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200
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Figure 6.4: Control inputs 71; and 7; for the example of Section 6.5

n Physical parameters are chosen as:

[my my ms my ms mg m7] =[2018 15221719 16]

[Mp1 Mp2 Mp3 Mpg Mps Mps Mp7] =10.50.6 0.8 0.6 0.4 0.3 0.5]
UrJ2J3J4J5Js J71 =16.57.85.36.27.26.86.6]

[ds1 ds ds3 dsa dss ds ds7] =10.40.6 0.3 0.1 0.5 0.2 0.4].

The parameters a; = 0.4m, by, =0.2m, Py = 0.8m give the desired position gg; =0, go2 =
1.05, qo3z = 0.5.

The nominal parameters (used for control design of M) are selected as [F1p1 Map2 Fips
Hipa s Hipe Mip7] = [0.45 0.550.75 0.55 0.35 0.25 0.45], [J1 J2 J3 Ja J5 Jo J71=16756768],
then it is can be verified that Assumption 6.2 holds with T = 0.5. The initial states are
[¢1i(0) g2;(0) g5;(0)] = [0 0.1 0.2].

The control design parameters are ©,; = 33515, Z,; = 0.0031, ©y; =0.03[1 1] T ==
0.01[1 117, T'; =0.01[11]7, Qqa; = 0.01515, Qu; = 5601, a;; = 3.15, y;; = 0.01,69 = 0.001,€1 =
0.003, €2 =0.015, B; = 3150.

6.5.2. SIMULATION RESULTS

The non-actuated and actuated states, and the corresponding synchronization errors
are reported in Fig. 6.2. It can be seen that the errors converge to a neighborhood of
zero. In Fig. 6.3, the adaptive parameters é”, 1 =0,1,2 are shown, whereas the control
inputs are given in Fig. 6.4. Note that the control inputs converge to different values due
to the heterogeneity of the system in mass, inertia, friction, etc.
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6.6. CONCLUDING REMARKS
This work has proposed for the first time an adaptive distributed protocol for synchro-
nization of uncertain underactuated Euler-Lagrange systems. The protocol can tackle
not only unknown system terms but also uncertain state-dependent interconnection
among multiple Euler-Lagrange systems.







CONCLUSIONS AND
RECOMMENDATIONS

In this thesis, we have introduced new adaptive approaches for designing controllers
for interconnected and multi-agent systems that can adapt to changing circumstances
without requiring structural knowledge of the dynamics. The main contribution of the
thesis is that the proposed controllers are able to handle both parametric uncertainties
and state-dependent uncertainties. This chapter will present the main results of this
thesis and some ideas for future research.

7.1. CONCLUSIONS

The main results of this thesis are discussed here:

Chapter 3 has answered Question 1. A new leakage-based framework was proposed
for switched linear systems, with the advantage of keeping the control gains of inactive
subsystems constant at their switched-off values while guaranteeing the stability of the
closed-loop switched system. A new auxiliary gain was introduced to play the role of
leakage action during inactive time intervals. It was shown that the proposed strategy
can consistently improve the transient of the closed-loop system under various families
of slowly-switching signals (in the framework of dwell time and its extensions).

Chapter 4 has answered Question 2. We have proposed an adaptive framework for
multi-area load frequency control (LFC) based on nonlinear structure-preserving (Ku-
ramoto) dynamics under switching topologies. Instead of modeling the interconnec-
tions among different areas as linear terms, nonlinear interconnections were considered.
It was shown that the system is able to self-reconfiguration in the presence of parametric
uncertainty and state-dependent uncertainty in multi-area power systems.

Chapter 5 has answered Question 3. We have addressed and solved the leader-follow-
ing synchronization problem for multiple uncertain Euler-Lagrange systems with state-
dep-endent uncertainty and without a priori bounded interconnections. As a result of
removing the a priori bounded structure, we sought practical synchronization instead
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of asymptotic synchronization. To address the presence of state-dependent uncertainty
and uncertain state-dependent interconnections, we proposed an adaptive distributed
control mechanism to estimate the coefficients of the resulting uncertainty structure.

Chapter 6 has answered Question 4. We have proposed a new distributed approach
for interconnected underactuated systems with limited knowledge of the system dynam-
ics and the interconnection terms. We neither impose the mass matrix to depend on the
actuated states only, nor on the non-actuated states only. State-dependent uncertain
interconnection terms among the underactuated systems have been considered to exist
before the control design, instead of only being a result of coupling caused by the control
protocol.

7.2. RECOMMENDATIONS FOR FUTURE RESEARCH

The methodologies proposed in this thesis can be possibly extended along several direc-
tions, listed as follows:

* Uncertain switched systems with time-varying delays and switching delays

Since delay often occurs in switched systems, time-varying delays and switching
delays (also called asynchronous delays) can be introduced and studied in the
framework of robust adaptive control. The challenge is to show if in such a set-
ting we can still let the control gains of inactive subsystems keep constant values
during the switched-off phase.

* Adaptive or switched adaptive wide-area damping control

With the expansion of smart grids, regional power systems at remote distances are
more and more interconnected by longer transmission lines. Future work is to
extend the proposed methodology of multi-area load frequency control to wide-
area damping control. The challenge is to devise a modeling approach beyond the
structure-preserving model [42, 96].

* Distributed adaptive control of Euler-Lagrange systems under switching topolo-
gies
Since the multiple Euler-Lagrange systems we studied can be interconnected, con-
sidering dynamically changing topologies is natural. The challenge is that the sys-
tem dynamics in (5.1) (or (6.1) for underactuated systems) will change to switched
dynamics. Accordingly, the adaptive laws in (5.6), and (5.13) (or (6.11), (6.26),
and (6.27) for underactuated systems) must be changed to adapt to the switch-
ing structure of the topologies. A similar concern also applies to underactuated
Euler-Lagrange systems.

* Switching topologies in both the communication network and the physical net-
work

In this thesis, we did not distinguish between communication interactions and
physical interactions. In practice, these different kinds of interactions among agents
can be described by different networks: a communication network and a physical
network. Therefore, an interesting topic for future work is to introduce explicitly
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these two different networks in multi-agent systems. The challenge is that two
different types of error will also arise (the communication synchronization error
and the physical synchronization error), which would require a different stability
analysis and control design approach. It would be also interesting to assess how
the switching topologies of these two kinds of networks affect the system perfor-
mance.

* Output-feedback adaptive control of Euler-Lagrange systems

All of our methods assume that the states are directly accessible for feedback,
which can be quite restrictive. In most practical situations, the full state of a sys-
tem is not measurable directly, and only the measured output can be used for
feedback (partial state feedback). The challenge is to design observer-based ap-
proaches that can deal with state-dependent uncertainty.

° Underactuated Euler-Lagrange systems subject to nonholonomic constraints

When considering nonholonomic constraints in a system, one can determine a
differential relationship between state and inputs, but one cannot determine a
closed-form geometric relationship. This means that the history of states is needed
to determine the current state. Wheeled vehicles are good examples of Euler-
Lagrange systems subject to nonholonomic constraints. Since in wheeled vehicles
there is no unique relationship between the direction and the position, one would
have to know the rolling history. How to tackle such nonholonomic constraints in
Euler-Lagrange dynamics is an open challenge.

* Optimal adaptive synchronization of multi-agent systems subject to constraints

Adaptive control usually aims to adapt to the changing environment while guar-
anteeing stability to achieve a common task. However, in many real-world multi-
agent systems, only guaranteeing stability is not sufficient because we may desire
other various control objectives in the presence of constraints such as cost, dis-
tance constraints, capacity constraints, or other equality/inequality constraints.
How to satisfy these constraints optimally in multi-agent systems while ensuring
stability and synchronization is an important open issue.

* Application of interconnected systems in multi-robot manipulation

Interconnected systems can be used to describe several multi-robot cooperative
manipulation tasks, where a group of mobile robots is interconnected via either
a communication network or a physical network to achieve a task cooperatively
(e.g. cooperative loading lifting, cooperative load transfer, and so on). Multi-robot
manipulation has been proposed and applied extensively in transportation, as-
sembling, and 3D printing, just to name a few. It would be of practical interest
to study how the frameworks proposed in this thesis can find application in these
fields, in order to deliver improved resource utilization, reduced cost time, and
high adaptivity.

* Safety-critical adaptive systems
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For many safety-critical systems like aircraft, autonomous vehicles, and fuel cell
systems, the control goal requires not only a prescribed performance but also es-
caping from some dangerous sets. This is e.g. because when the configuration
exceeds the safety region, high uncertainty will occur in the dynamics, which is be-
yond the controllability of the system. This thesis has partly addressed this prob-
lem in terms of handling uncertainties with a highly unstructured nature. How-
ever, proposing an adaptive control approach enabling the operation of safety-
critical systems would definitely require further efforts in terms of embedding safety
constraints and dangerous sets into the control design, and in terms of adapting
to unexpected regimes while ensuring safety.

Fault tolerance in Euler-Lagrange systems

It is very common for a mechanical system to shift from a fully-actuated setting
to an under-actuated setting due to unpredictable faults (e.g. actuator failures),
leading to a different dynamic structure. Although this thesis has studied fully-
actuated systems and under-actuated systems, it could be of practical interest to
consider a mixed scenario where some agents are fully actuated and other agents
are under-actuated (e.g. due to actuator failures). A challenging point is to define
a suitable synchronization manifold that can be attained by all agents despite the
faults. To compensate for the failures occurring on some agents, the controller
needs to be devised with different philosophy compared to pure fully-actuated
agents. The challenge is how to enable systems to adapt to the changing circum-
stances in case of failures.

System identification tackling uncertainty in dynamics

In this thesis, we mainly consider dynamics with either unknown parameters or
unknown structures. However, it is well known that having some parametric or
structural information may help in providing a better control performance. Sys-
tem identification is a typical approach that is able to determine the mathematical
model of a system by estimating parameters or structures from input and output
data. It could be of interest to embed a system identification module in the pro-
posed framework (e.g. to identify the unknown interconnection terms), so as to
study if such additional information can be used to improve performance.
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SUMMARY

This thesis deals with adaptive control of interconnected systems and multi-agent sys-
tems, where adaptive control is used to deal with the presence of uncertainties. Gen-
erally, two types of uncertainties can occur. The first one is parametric uncertainty,
which is most commonly addressed in the literature, and for which several design ap-
proaches for adaptive laws have been proposed. The second type of uncertainty is state-
dependent uncertainty, which typically arises from the lack of structural knowledge about
the dynamics of the system (a typical example being the presence of unmodelled dynam-
ics). Guaranteeing stable adaptation in this scenario poses a big challenge since this type
of uncertainty cannot be bounded a priori.

To start with, this thesis considers centralized control of linear uncertain intercon-
nected dynamics with switching topologies. The literature has proven thatleakage-based
robust adaptive control is a valuable method to deal with this problem. However, at-
taining good transient behavior in leakage-based robust adaptive control is intrinsically
challenging. In fact, because the gains of the inactive subsystems must exponentially
vanish during inactive times as an effect of leakage actions, new learning transients will
repeatedly arise at each switching instant. In order to mitigate these transients and to
improve the performance of the system, a new leakage-based mechanism is proposed
for robust adaptive control of uncertain switched systems: the key innovation of the
proposed mechanism is that the adaptive gains of the inactive subsystems can be kept
constant to their switched-off values, thus preventing vanishing gains.

Subsequently, a similar setting as above is considered, but for nonlinear Kuramoto-
like dynamics. This scenario is motivated by a multi-area load frequency control (LFC)
application in power grids. Multi-area LFC selects and controls a few generators in each
area of the power system in an effort to dampen inter-area frequency oscillations. To
effectively dampen such oscillations, it is required to enhance and lower the control ac-
tivity dynamically during operation, so as to adapt to changing circumstances. Changing
circumstances do not only include parametric uncertainties and unmodelled dynamics
(e.g. aggregated area dynamics and bus dynamics), but also the topology reconfiguration
mechanisms of modern power systems. As formal stability guarantees for the adaptive
multi-area LFC concept are still lacking, we propose a framework in which adaptation
and switching are combined in a provably stable way to handle parametric uncertainty,
unmodeled dynamics, and dynamical interconnections of the power system.

Then, we turn our attention to distributed systems, while keeping the interest in non-
linear dynamics. We propose a new distributed synchronization protocol for multiple
Euler-Lagrange systems without structural linear-in-the-parameters (LIP) knowledge of
the uncertainty and where interconnection among neighboring agents is modelled by
unknown state-dependent terms that intrinsically exist the dynamics, instead of just be-
ing a result of control protocol. This setting is meant to overcome two standard a priori
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assumptions in the literature concerning uncertainty with a LIP structure and the ab-
sence of the interconnection terms intrinsically in the dynamics.

Finally, as the systems considered above are fully-actuated, we study distributed adap-
tive synchronization of uncertain underactuated Euler-Lagrange agents. We propose a
distributed controller that can handle both state-dependent uncertain system dynamics
terms and state-dependent uncertain interconnection terms among neighboring agents.
By a suitable analysis of the non-actuated and actuated synchronization errors, respec-
tively, stable non-actuated and actuated error dynamics perturbed by state-dependent
uncertainty are obtained. In order to estimate and compensate for these synchroniza-
tion errors, the leakage term of adaptive law is designed to be dependent on non-actuated
and actuated errors, resulting in a more concise uniform ultimate boundedness condi-
tion compared with the standard leakage term.

In summary, this thesis has addressed the adaptive synchronization of multi-agent
systems in the presence of uncertainties, such as switching topologies, unknown param-
eters, and state-dependent unmodeled dynamics.



SAMENVATTING

Dit proefschrift gaat over adaptieve besturing van onderling verbonden en multi-agent
systemen, waarbij adaptieve besturing wordt gebruikt om met onzekerheden om te gaan.
In het algemeen kunnen twee soorten onzekerheden optreden: parametrische onzeker-
heid, die in de literatuur het meest aan de orde komt en waarvoor verschillende adap-
tieve ontwerpen zijn voorgesteld; toestandsafhankelijke onzekerheid, die voortkomt uit
het gebrek aan structurele kennis over de dynamiek van het systeem. Het garanderen
van stabiele adaptatie in het laatste scenario vormt een grote uitdaging, aangezien dit
soort onzekerheid niet a priori kan worden begrensd.

Om te beginnen beschouwt dit proefschrift gecentraliseerde controle van lineaire
onzekere onderling verbonden dynamica met schakeltopologieén. De literatuur heeft
bewezen dat op lekkage gebaseerde adaptieve controle een waardevolle methode is om
dit probleem aan te pakken. Het bereiken van goed voorbijgaand gedrag in op lekkage
gebaseerde adaptieve controle is echter intrinsiek een uitdaging. In feite, omdat de win-
sten van de inactieve controllers exponentieel verdwijnen tijdens inactieve tijden als
een effect van lekkage, zodat nieuwe leertransiénten herhaaldelijk zullen optreden op
elk schakelmoment. Om deze transiénten te verminderen en de prestaties te verbete-
ren, wordt een nieuw op lekkage gebaseerd mechanisme voorgesteld: de belangrijkste
innovatie is dat de adaptieve winsten van de inactieve controllers constant kunnen wor-
den gehouden tijdens hun inactieve intervallen, waardoor verdwijnende winsten wor-
den voorkomen.

Vervolgens wordt een vergelijkbare instelling als hierboven overwogen voor niet-
lineaire Kuramoto-achtige dynamiek. Dit scenario wordt gemotiveerd door een multi-
area load frequency control (LFC) in elektriciteitsnetten. In multi-area LFC worden een
paar generatoren in elk gebied van het voedingssysteem geselecteerd om frequentieos-
cillaties tussen gebieden te dempen. Om dergelijke oscillaties effectief te dempen, is het
nodig om de regelactiviteit dynamisch te verbeteren en te verlagen om zich aan te passen
aan parametrische onzekerheden, niet-gemodelleerde dynamiek (bijv. Geaggregeerde
gebiedsdynamiek en busdynamiek) en de topologie-herconfiguratiemechanismen van
moderne energiesystemen. We stellen een raamwerk voor waarin aanpassen en schake-
len op een stabiele manier worden gecombineerd.

Vervolgens richten we onze aandacht op gedistribueerde systemen, terwijl we de in-
teresse in niet-lineaire dynamiek behouden. We stellen een nieuw gedistribueerd syn-
chronisatieprotocol voor voor meerdere Euler-Lagrange systemen zonder structurele
lineaire-in-de-parameters (LIP) kennis van de onzekerheid met onbekende toestands-
afhankelijke interconnectie tussen naburige agenten (niet alleen een resultaat van het
controleprotocol). Deze instelling overwint twee standaardaannames in de literatuur
met betrekking tot onzekerheid met de LIP-structuur en de intrinsieke afwezigheid van
de interconnectietermen in de dynamiek.
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Ten slotte bestuderen we, aangezien de hierboven beschouwde systemen volledig ge-
activeerd zijn, gedistribueerde synchronisatie van onzekere, onvoldoende geactiveerde
Euler-Lagrange-agenten. We stellen een gedistribueerde controller voor die zowel toe-
standsafhankelijke onzekere systeemdynamiek als toestandsathankelijke onzekere in-
terconnectie tussen naburige agenten aankan. We bieden een geschikte analyse van
de niet-aangedreven en geactiveerde synchronisatiefouten, verstoord door geparametri-
seerde toestandsafthankelijke onzekerheid. Om deze onzekerheid te compenseren, zijn
nieuwe op lekkage gebaseerde adaptieve wetten ontworpen, die een beknoptere uni-
forme ultieme begrensdheidsvoorwaarde geven in vergelijking met standaard op lekkage
gebaseerde wetten.

Samenvattend heeft dit proefschrift de adaptieve synchronisatie van multi-agent sys-
temen behandeld in aanwezigheid van onzekerheden, zoals schakeltopologieén, onbe-
kende parameters, toestandsafthankelijke ongemodelleerde dynamiek.
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